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Abstract

We show that up to a null set, every infinite measure-preserving action of a lo-
cally compact Polish group can be turned into a continuous measure-preserving ac-
tion on a locally compact Polish space where the underlying measure is Radon. We
also investigate the distinction between spatial and boolean actions in the infinite
measure-preserving setup. In particular, we extend Kwiatkowska and Solecki’s Point
Realization Theorem to the infinite measure setup. We finally obtain a streamlined
proof of a recent result of Avraham-Re’em and Roy: Lévy groups cannot admit non-
trivial continuous measure-preserving actions on Polish spaces when the measure is
locally finite.
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1 Introduction

The notion of flow is a convenient framework for understanding global solutions of differ-
ential equations. In full generality, a flow on a set X is an action a : R x X — X of the
real line R on X. The connection with differential equations (on say R™ for simplicity) is
simply the following: a global solution of the differential equation associated to the vector
field V : R®™ — R" is a flow o : R x R® — R"” such that for all z € R",

d
i [a(t,x)]nzo =V(z).

In particular, for all x € R™, the map t — «(t, x) is everywhere differentiable. Provided a
global solution exists and is unique, the regularity of the corresponding flow usually reflects
that of the vector field. In particular, if V' is continuous, we cannot expect the flow to be
something better than continuous in general.

Many flows arising as solutions of a differential equation preserve a natural o-finite
measure which comes from the geometry of the ambient manifold, thus allowing one to
use ergodic-theoretic methods. A notable example is given by Hopf’s study of the geodesic
flow on hyperbolic surfaces [Hop71]. From the ergodic point of view, flows are identified
up to conjugacy, and make sense even when the flow is only assumed to be a measurable
map.

To be more precise, recall that a standard Borel space is an uncountable measurable
space X endowed with a o-algebra B(X) of Borel subsets coming from some Polish topology
on X. All such spaces are isomorphic, see [Kec95, Thm. 15.6], justifying the terminology.
A Borel flow on X is then an action a : R x X — X which is a Borel map R x X — X,
meaning that it is measurable if we endow R x X with the usual product o-algebra of the
Borel g-algebra of R and that of X. Given a Borel o-finite measure A on X, a measure-
preserving flow on (X, \) is simply a Borel flow such that for all ¢ € R, the (automatically
Borel) bijection a(t, ) satisfies A(A) = A(a(t, A)) for all A C X Borel. Finally, two flows
a, f on respective o-finite measured standard Borel spaces (X, ) and (Y,7n) are called
spatially isomorphic when there is a measure-preserving Borel bijection ® : Xy — Y
between two invariant conull Borel subsets Xg C X and Yy C Y such that for all z € X
and all ¢t € R, we have

P(a(t,z)) = B(t, ().

Given that certain measure-preserving flows come from differential equations, it is natural
to wonder whether conversely every measure-preserving flow is spatially isomorphic to a
flow coming from a differential equation. Our main result shows that as far as the topology
is concerned, every measure-preserving flow is spatially isomorphic to a flow where the
topology and the measure play nicely with each other, just as they do when they come
from a differential equation. The key point is that the flow is continuous while the measure
is locally finite (which implies that it is Radon since the ambient space is locally compact
Polish, see Section . We state our result below in its most general form, replacing
R by an arbitrary locally compact second-countable group, see Section for relevant
definitions.



Theorem A (see Cor. [1.4)). Let (X,\) be a standard o-finite space, let G be a locally
compact Polish group and let o : G x X — X be a measure-preserving G-action on X.
Then « is spatially isomorphic to a continuous measure-preserving G-action on a locally
compact Polish space Y endowed with a Radon measure 7).

This result is new only when the measure A is infinite. In order to explain why, we first
recall the Becker-Kechris theorem, which holds in the even wider setup of Polish groups
actions and does not require one to throw out null sets. Note that for locally compact
Polish groups, item below was first proven by Varadarajan, see [Var63, Thm. 3.2].

Theorem 1.1 ([BK96, Thm. 2.6.6 and Thm. 5.2.1|). Let G be a Polish group and let
a: G x X — X be a Borel G-action on a standard Borel space X .

(1) There is a compact Polish space K endowed with a continuous G-action §: GXK — K,
and a Borel injection ® : X — K which is G-equivariant: for allx € X and all g € G,

®(a(g,z)) = B(g, 2(z)).
Moreover, B and K can be chosen so as not to depend on .

(2) There exists a Polish topology on X inducing its Borel structure such that o is contin-
UOUS.

From the first item, we deduce that if A is any Borel finite measure on X and a: G ~
(X, ) is any measure-preserving action of a Polish group G, then the map ® : X — K
is a conjugacy of a with the continuous measure-preserving action g : G ~ (K, ®.\),
where K is endowed with the pushforward measure ®,\. Since finite Borel measures on
compact Polish spaces are automatically Radon, when A is finite, Theorem[4] holds for any
measure-preserving action of any Polish group G. So our Theorem [A] says something new
only for infinite measures (in the above argument the pushforward measure @, fails to be
locally finite, being an infinite measure over a compact space).

We have two ways of proving Theorem [A] The first uses the associated boolean action
(more on that later). The second one goes through the following measured version of the
first item of the Becker-Kechris theorem.

Theorem B (see Thm. . Let (X, \) be a standard o-finite space, let G be a locally
compact Polish group and let o : G x X — X be a measure-preserving G-action on X.
Then there is a continuous measure-preserving G-action on a locally compact Polish space
Y and a Borel G-equivariant injection ® : X — 'Y such that the pushforward measure ®, A\
1s a Radon measure on'Y .

The above result is a strengthening of Theorem [A} instead of just a full measure subset
of X, the whole set X is taken into a continuous action with Radon measure. The main
idea of its proof is to adapt Glasner, Tsirelson and Weiss’ notion of G-continuous function
(see [GTWO5, Def. 2.1]) to the Borel setup, and to show that there is a countable set of
integrable G-continuous bounded Borel functions that separates points. In order to prove
the latter result, we use convolution, which is also crucial in our proof of Theorem [A] via
boolean actions.

It is naturally to ask wether Theorem [A| holds for (some) non locally compact Polish
groups as well. However, there is a natural obstruction: the spatial G-action o on (X, \)
could have heavy local orbits in the following sense: for every x € X and every neighbor-
hood of the identity V' C G, the measurable set a(V, z) always has infinite measure (see
Section for an example when G = G is the permutation group of the integers). Other
than that, we do not see any obstruction and the following question is wide open.



Question 1. Let G be a non locally compact Polish group. Let a : G ~ (X, \) be a
measure-preserving action on an infinite o-finite standard measured space (X, ).

e When is « spatially isomorphic to a measure-preserving continuous G-action 5 on
(Y,n) with Y locally compact Polish and n Radon?

e More generally, when is « spatially isomorphic to a measure-preserving continuous
G-action f on (Y,n) with Y Polish and 7 locally finite?

Motivated by item from Theorem (1.1} we ask another related question for general
Polish groups.

Question 2. Let a be a measure-preserving action of a Polish group G on an infinite
o-finite standard measured space (X,\). When can one endow X itself with a Polish
topology inducing its standard Borel structure so that the action a becomes continuous
and the measure A becomes locally finite?

In the first version of this paper, we mentioned that we did not know the answer to this
question even in the case where the acting group G is locally compact Polish. However,
Nachi Avraham Re’em kindly pointed out to us that Theorem [B] can be combined with a
stronger version of the Becker-Kechris theorem so as to obtain a positive answer when G
is locally compact. We discuss this in Section [5.3] where we also explain why, even when
G is discrete, one cannot in general endow X with a locally compact Polish topology so
that the G-action becomes continuous (see Proposition [5.6).

We now move to the topic of boolean measure-preserving actions. These can be defined
in many equivalent ways (see Section , but for this introduction the easiest is probably
to describe them as continuous group homomorphisms G — Aut(X, A), where Aut(X, \)
is the group of all measure-preserving bijections of (X, \) identified up to measure zero. A
fundamental question is: which Boolean actions lift to genuine spatial actions?

In order to answer it, Glasner, Tsirelson and Weiss developped in the setup of a prob-
ability measure-preserving boolean action « the following notion which we already briefly
mentioned: a function f € L*°(X, \) is G-continuous if ||f — f o a(g, )|, = 0asg — eq.
Here is a natural extension of the conclusion of [GWO05, Thm. 1.7] to the case where X is
possibly infinite (but still o-finite).

Theorem C (see Thm. 3.)). Let G be a Polish group, and let o : G — Aut(X,\) be a
boolean measure-preserving G-action on a standard o-finite space (X, ). The following
are equivalent:

(1) the algebra G of G-continuous functions satisfies
mll'\h —LY(X,\);

(2) the algebra G of G-continuous functions satisfies
QOT(X,A)”’HQ = L2(X,\);

(8) one can endow X with a locally compact Polish topology inducing its standard Borel
space structure so that A is Radon and « lifts to a continuous measure-preserving G-
action on X.



Remark 1.2. We don’t know if condition can be changed so as to only require that
X is Polish and A is locally finite.

We use the above theorem to obtain natural infinite measure-preserving version of
results of Kwiatkowska-Solecki, namely [KS11, Thm. 1.1]. Recall that given a metric space
(X, d), its isometry group is naturally endowed with the topology of pointwise convergence,
which makes it a Polish group as soon as (X, d) is separable and complete. While every
Polish group arises as the isometry group of a separable complete metric space, the class
of isometry groups of locally compact separable metric spaces is smaller, but it contains
all locally compact Polish groups, and all Polish non-archimedean groups (see [KS11| for
details). We can now state our generalization of [KS11, Thm. 1.1], which itself extends
I[GWO05, Thm. 1.4(a) and Thm. 2.3]|.

Theorem D (see Thm. . Let G be the isometry group of a locally compact separable
metric space. Then every boolean measure-preserving G-action on a standard o-finite space
(X, \) can be lifted to a continuous measure-preserving action on X where X is endowed
with a locally compact Polish topology inducing its standard Borel structure and X\ is a
Radon measure.

When G is locally compact, this strengthens a result of Mackey which provides a purely
Borel realization (seee Theorem and [Mac62] for the more general non-singular ver-
sion). Furthermore, if the measure is in addition finite, our theorem follows by combining
Mackey’s result with [Var63, Thm. 3.2|, but our proof strategy is very different. Indeed, we
first treat the locally compact case by relying on convolution, which is very natural in the
framework of G-continuous functions (see Theorem . As we briefly mentioned earlier,
Theorem |§| can be used to give another proof of Theorem [A| using a result of Mackey (see
Corollary .

In the general case, our proof is similar to Kwiatkowska and Solecki’s, except that we
begin with a simpler fixed point argument in L? relying on closed convex hulls, and then
we work directly at the level of subalgebras of L>°(X, \) (see the proof of Proposition .

We also adapt the Glasner-Tsirelson-Weiss results on whirly actions (see [GTWO05,
Sec. 3]) to the infinite measure-presering setup, showing in Section (7| that the tautological
boolean Aut(X, \)-action cannot be lifted to a Borel spatial action.

Finally, we obtain the following result on Lévy groups, analogous to the Glasner-
Tsirelson-Weiss result that says that all their continuous probability measure-preserving
actions on compact metric spaces are trivial [GTWO05, Thm. 1.1].

Theorem E (see Thm. . Every continuous measure-preserving spatial action of a Lévy
group G on a Polish space X endowed with a o-finite atomless locally finite measure A is
trivial, i.e. the set of fized points {x € X |Vg € G,g-x =z} is conull.

While finishing the first version of our paper, we were informed by Emmanuel Roy
that Nachi Avraham-Re’em and him had obtained the exact same result as above and put
it on arXiv quite recently (see [ARR24, Thm. 5]). Our proof actually follows the same
two steps as theirs. First, we construct a Poisson point process without using counting
measures, by directly working in the Effros standard Borel space (see Theorem which
is a minimalistic version of Theorem 3 in their paper). And then we conclude the proof
using the Glasner-Tsirelson-Weiss theorem: the natural action of the group on the space
of closed subsets preserves the Poisson point process probability measure, so it has to be
trivial, which implies the triviality of the action we started with.



Since our construction of the Poisson point process appears to be more direct than
Avraham-Re’em and Roy’s, we decided to keep it in our paper, but the reader should
definitely consult their work: they obtain a more precise description of the Poisson point
process along with very nice applications of the above result to diffeomorphism groups,
using the Maharam extension. They also have a complete description of the boolean
probability measure-preserving actions one can obtain through this Poisson point process
construction when starting from an infinite measure-preserving boolean action.

Finally, we don’t know whether the conclusion of Theorem [E]| holds for general infinite
measure-preserving Borel actions, but recall that in general there are measure-preserving
actions which cannot be spatially isomorphic to actions satisfying the hypothesis of the
above theorem (see Section . Some related and intriguing open questions may be found
in the last section of [ARR24].
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2 Preliminaries

2.1 Spatial and boolean actions on standard o-finite spaces

Recall that a standard Borel space is an uncountable measurable space X endowed
with a o-algebra B(X) of Borel subsets coming from some Polish topology on X. All such
spaces are isomorphic, see [Kec95, Thm. 15.6], justifying the terminology.

Throughout the paper, (X, ) will denote a standard Borel space X endowed with a
nontrivial atomless o-finite measure A. Since rescaling the measure does not change the
dynamics that we are interested in, there are only two fundamentally different cases:

e A\(X) < 400, in which case (X, A) is isomorphic to ([0, A(X)), Leb;) where Leb is the
Lebesgue measure (this is a direct consequence of [Kec95, Thm. 17.41]);

e \(X) = 400, in which case (X, \) is isomorphic to (R, Leb) (to see this, observe that
by o-finiteness, X can be cut into a countable partition (X,,) such that A\(X,,) < 400
for all n, then cut R into a countable partition consisting of half-open intervals I, of
length Leb(X,,) and apply the previous case).

Given a standard o-finite space (X, \), a measure-preserving bijection of (X, \)
is a Borel bijection T' : X — X such that Tx\ = A, that is, for all A C X Borel,
AA) = NT~1(A)).

Definition 2.1. Let G be a Polish group, let (X, \) be a standard o-finite space. A spatial
measure-preserving G-action on (X, ) is a Borel action map o : G x X — X such that for
all g € G, the map a(g,) : X — X defines a measure-preserving bijection of (X, \).



Our main goal in this paper is to contrast this notion to that of a boolean action, which
to our knowledge first appeared in a paper of Mackey [Mac62]. We will give in the next
section several characterizations of this notion, one of which justifies the terminology and
the connection with Mackey’s definition. In order to motivate the definition we are giving
here, notice that by definition the fact that « is an action map means that for all g,h € G
and for all x € X and, we have

a(gh,z) = a(g,a(h,z)).

Definition 2.2. Let G be a Polish group, let (X, \) be a standard o-finite space. A
boolean measure-preserving G-action on (X, \) is a Borel map a: G x X — X such that:

(i) for all g, h € G, we have that for A\-almost all z € X,
a(gh, z) = alg, a(h, x));

(ii) for all g € G, the map a(g, ) : X — X is measure-preserving bijection of (X, \).
(in particular, using ¢ = h = e¢ in condition (i), we deduce that a(eq,z) = x for
A-almost all z € X.)

As is customary, we often write a(g) for the map a(g,-) : X — X when « is either a
boolean or a spatial measure-preserving action.

Remark 2.3. By definition, Condition (ji) means that for all g, h € G the following subset
is conull:

Xgn={z € X: a(gh,z) = alg,a(h,z))},

but X, ; does depend on g and h, in particular there does not need to be a conull subset
Xo € X contained in all the X, .

By definition, every measure-preserving spatial action is a measure-preserving boolean
action. Spatial and boolean actions admit different natural notions of isomorphism.

Definition 2.4. Given measure-preserving spatial actions « on (X, A) and 5 on (Y, 7) of a
Polish group G, a spatial isomorphism between them is a measure-preserving injection
¢ : Xy — Y, where Xy is a conull o(G)-invariant Borel subset of X, such that for all
g € G, and all z in X, we have

®(a(g, ) = B(g, ®(x)).

When there exists such a spatial isomorphism, we say that a and 5 are spatially isomor-
phic.

Remark 2.5. Since every Borel injection between standard Borel spaces is a Borel iso-
morphism onto its image [Kec95, Thm. 4.12], in the above definition the set Yj := ®(Xj) is
a Borel subset of Y which is conull since ®,\;x, = 77, and we conclude that being spatially
isomorphic is a symmetric relation. It is not hard to check that it is also transitive, and
hence an equivalence relation.

Definition 2.6. Given measure-preserving boolean actions a on (X, A) and 8 on (Y, n) of
a Polish group G, a boolean isomorphism between them is a measure preserving Borel
injection ® : Xg — Y, where Xy is a full measure Borel subset of X, such that for any ¢
in G, there is a conull Borel subset X, C X such that for all z € X,

®(a(g,x)) = (g, @(x)).



When two boolean actions as above admit a boolean isomorphism between them, they
are called booleanly isomorphic, and it is straightforward to check that this defines an
equivalence relation on boolean actions. Let us point out that the above definition can
be reinforced as follows: we can require Xy to be equal to X and ® to be bijective (see
Prop. .

Observe that any spatial isomorphism between spatial actions is also a boolean isomor-
phism. Two natural problems arise from this for a fixed Polish group G

e the realization problem: given a boolean G-action, does it admit a spatial realiza-
tion (or a spatial model), i.e. is it booleanly isomorphic to a spatial G-action?

e the boolean to spatial isomorphism problem: given a boolean isomorphism
between spatial G-actions, is this isomorphism spatial?

When the answers to both theses questions are positive, note that the spatial realization
of a boolean action is unique up to spatial isomorphism. Using the fact that any countable
intersection of conull sets is conull, it is not hard to see that when G is countable discrete,
all its boolean actions are booleanly isomorphic to spatial actions, and all boolean isomor-
phisms of G-actions are spatial. More generally, a fundamental theorem of Mackey (see
[Mac62]) states that this is still true when the acting group G is locally compact Polish.
In our restricted context of measure-preserving actions, the statement is the following.

Theorem 2.7 ([Mac62, Thm. 1 and Thm. 2|). Let G be a locally compact Polish group.

(1) Let o : G x X — X be a boolean measure-preserving G-action on a standard o-finite
space (X, \). There exists a standard o-finite space (Y,n) and a spatial G-action B on
(Y,n) such that o and B are booleanly isomorphic.

(2) Let a and 8 be two spatial measure-preserving G-actions on standard o-finite spaces
(X, \) and (Y,n) respectively. Any boolean isomorphism ® between o and [ coincides
with a spatial isomorphism on a G-invariant conull Borel subset.

However, for non locally compact Polish groups, there might exist spatial actions which
are booleanly isomorphic but not spatially. This is the case for G = S, and we will discuss
this more thoroughly in Section |4.3

We now go back to the definition of boolean isomorphism between actions, which can
be reinforced via the following well-known proposition.

Proposition 2.8. Two measure-preserving boolean actions o on (X, \) and 5 on (Y,n)
of a Polish group G are booleanly isomorphic if and only if there is a measure preserving
bijection ® : X — Y such that for any g in G, there is a conull Borel subset X, C X such
that for all x € X4,

®(a(g, ) = B(g, ®(x)).

Proof. By definition, assuming that o and 8 are booleanly isomorphic, we have a measure-
preserving injection ® : Xg — Y where X is a full measure Borel subset of X satisfying our
equivariance condition. Observe that it suffices to show that there is a measure-preserving
bijection ® : X — Y which coincides with ® on a conull Borel subset of Xj.

To this end, let A C X be a Borel uncountable set of measure zero (such a set exists
since A is atomless, e.g. take for A the triadic Cantor subset of (X, A) = (R, Leb)).

Then A :== (X \ Xo)UA and B == (Y \ ®(X;))U®(A) are uncountable Borel subsets of
standard Borel spaces, so by [Kec95, Cor. 13.4 and Thm. 15.6] there exists a Borel bijection
f:A— B, and we simply let@zfl_ICIDFXO\A. O



The next remark was suggested by the first referee and requires the previous proposi-
tion. It can be summed up as follows: the realization problem actually asks whether we
can turn the given boolean action into a spatial action without changing the underlying
space.

Remark 2.9. Let a be a measure-preserving boolean action of a Polish group G on (X, \)
for which the realization problem has a positive answer. Then « is booleanly isomorphic to
a spatial G-action 5 on (Y, 7) through a measure-preserving bijection ® : X — Y provided
by the previous proposition: for any g € G, there is a conull Borel subset X, C X such
that for all x € X, : ®(a(g,z)) = B(g, ®(z)). If we define & by a(g,z) = ®718(g, ®(x)),
then & is a spatial action on (X, \) such that for any g € G and all z € X, we have
a(g,r) = a(g,z). In particular & and « are booleanly isomorphic (through the identity
map). This observation allows us to see the problem of spatial realization as finding an
appropriate modification of a on the same space.

We finally observe that the definition of spatial isomorphism could naturally be weak-
ened by requiring the a(G)-invariant set Xy to be Lebesgue measurable. This notion still
implies boolean isomorphism of the corresponding boolean actions, so for locally compact
Polish groups this does not change the definition of being spatially isomorphic thanks to
Mackey’s Theorem [2.7, However, we don’t know what the situation is for general Polish
groups.

2.2 Characterization of boolean actions

Following the introduction of [GTWO05|, we now provide other ways of understanding
boolean actions, one of which will be used in our proof of Theorem [A] We first need
to describe the Polish group topology of the group of measure-preserving bijections.

Definition 2.10. Let (X, \) be a standard o-finite space. We denote by Aut(X, \) the
group of measure-preserving bijections, where two such bijections are identified if they
coincide on a conull Borel subset of X.

The group Aut(X, ) is endowed with weak topology, defined as follows: T,, — T if
and only if for all A CY Borel subset of finite measure, one has \(T;,(A)AT(A)) — 0.

In order to see that Aut(X,\) is a Polish group, it is useful to recall the following
definition.

Definition 2.11. The measure algebra MAlg(X, ) is comprised of the Borel subsets
of (X, \) of finite measure, where two such subsets are identified if the measure of their
symmetric difference is equal to zero. It is equipped with the metric dy, defined as follows :

dy(A, B) == A(AAB).

Proposition 2.12 ([LM22, Prop. 2.2]). Aut(X,\) is equal to the group of isometries of
(MAlgf(X, A),dy) which fix 0. As such, it is a Polish group when endowed with the weak
topology.

The following proposition tells us that boolean G-actions on (X, \) and continuous
group homomorphisms G — Aut(X, A) are basically the same thing. This result is proved
in the introduction of [GTWO5| in the finite measure case, and it extends almost verbatim
to our context. However, their near actions have a small difference with our boolean
actions: we require «(g,-) to be a measure-preserving bijection while they only require
that it is a measure-preserving map, and need an additional axiom ensuring that in the



end that it is a bijection up to a null set. Having a more restrictive definition which requires
a(g,-) to be a bijection of the whole space, we will need to work a little harder in order to
prove the corresponding lifting property (item (I1I)) below).

Proposition 2.13. Let G be a Polish group, and (X,)\) a standard o-finite space. The
following hold:

(I) Every boolean measure-preserving G-action o on (X, \) yields a continuous group
homomorphism 7o : G — Aut(X, \).

(II) Given two boolean measure-preserving G-actions o, B on (X, \), we have w1, = 73
if and only if the identity map is a boolean isomorphism between o and (3.

(111) (lifting property) For every continuous group homomorphism m : G — Aut(X,\),
there is a boolean measure-preserving G-action o on (X, \) such that m = mq. Fur-
thermore, such a lift a is unique up to boolean isomorphism.

Proof. (I): Given a boolean measure-preserving action a of G on (X, \), we can consider
the natural mapping
To: G — Aut(X, )
g — alg,-)

which is well-defined by Condition from the definition of boolean action, and is a group
homomorphism by Condition . Recall that any Borel group homorphism between Polish
groups is automatically continuous by a result which dates back to Banach (see e.g. [Ros09,
Thm. 2.2]). We are thus left with showing that 7, is a Borel map. By definition of the
weak topology on Aut(X, i) it is enough to show that for every Borel finite measure subset
A of X and every € > 0, the set

B:={geG: ANma(9)(A) A A) <e}

is Borel. By the definition of 7, we can rewrite B as B = {g € G : pu(a(g,A) A A) < e}.
Since the boolean action « is a Borel map, the subset I := {(g9,2) e Gx X : z € a(g,A)}
is Borel and hence I'y :=T' A (G x A) is also Borel. By the Fubini-Tonelli theorem, this
implies that the map

M:g— A AX{zeX: ze€ AN a(g,A)})

which associates to g € G the measure of the horizontal section of I' 4 above g is also Borel.
So we can conclude that B is Borel by noting that B = M ([0, ¢[), thus finishing the proof
that 7, is Borel and hence continuous as desired.

(IT): This is a straightforward consequence of the definition of Aut(X,\), which iden-
tifies measure-preserving bijections which coincide on a conull set.

(IIT): We first observe that it suffices to show that the identity group homomor-
phism idu¢(x,n) @ Aut(X,A) = Aut(X, ) can be lifted to a boolean measure preserving
Aut(X, A)-action 5 on (X, \), namely there is a Borel map 3 : Aut(X,\) x X — X such
that for all T' € Aut(X, \), the map (T, -) is a Borel measure-preserving bijection of (X, A)
whose equivalence class up to a null set is equal to 7' (in other words, idau(x,z) = )

Indeed, granted that such a boolean action § exists, and given an arbitrary contin-
uous group homomorphism 7 : G — Aut(X, \), we simply let a(g,z) = 5(7(g),x). By
construction we have m = 7., and the uniqueness of « is then a direct consequence of .

So let us prove (III) in the case G' = Aut(X,\) and 7 = idp,¢(x,n)- As explained in
Section [2.1]we may as well assume that X is an interval of R and A is the Lebesgue measure
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restricted to that interval. Denote by LO(X, ), X) the set of measurable functions from
X to itself, up to equality A-a.e. Its Borel structure is defined by requiring the functions
f = MAN f~Y(B)) to be measurable, for any Borel subsets A and B of X with A of
finite measure. This makes LO(X, A, X) a standard Borel space, and it is straightforward
to check that Aut(X,\) is a Borel subset of LO(X, \, X).

Following Glasner-Tsirelson-Weiss, we can now define a Borel way to lift any element
in L°(X, A\, X) to a genuine function X — X. Define V : L(X, A\, X) x X — X by

1 T+e
V(f,z) = limsup / f(2)dA(z).
e—0 € Jr—e
Applying the functional version of Lebesgue’s density theorem (see [Ere03, Thm. 223A.]),
for any f in LO(X, A, X), the function 2 + V(f,z) is in the same A-a.e. equality equiva-
lence class as f. Restricting V to Aut(X,\) € L°(X, )\, X), we obtain a Borel map f3 :
Aut(X, \) x X — X verifying all the required conditions, except that for all T" € Aut(X, \),
the map Bo(T) = V(T,-) : X — X is a measure-preserving bijection up to a null set.

In order to correct this, let us first define §1(7") as the partial Borel map whose graph
is the intersection of the graph of By(7,-) with the inverse of the graph of Bo(7!,-). In
other words,

Bi(T,z) = Bo(T,x) it Bo(T~, Bo(T, z)) = ,
otherwise 51 (7, x) is undefined.

Then £1(T') is a measure-preserving bijection between full measure subsets of X, and
we denote by D" the conull subset where £1(T)" is defined, for n € Z. We finally define
B(T) by B(T,z) = B1(T,z) on (), DL, and by B(T,z) = x elsewhere. By construction
B(T) is now a bijection of X itself, and it preserves the measure since it coincides with
B1(T) on the conull Borel set 0, DI .

The proof that f is still a Borel map boils down to the fact that for every n € Z, the
set of (T, x) € Aut(X,\) x X such that x € X \ DI is Borel, which we leave to the reader.
Since for every T' € Aut(X, \), the bijection 5(T") coincides with Sy(7") on a full measure
set, the map 8 now satisfies all the axioms of a boolean action and idauy(x,x) = 7s as
desired. O

By the above proposition, boolean measure-preserving G-actions are essentially the
same thing as continuous group homomorphisms G' — Aut(X, \). We can now justify the
terminology properly: the space MAlg f(X , A) of finite measure Borel subsets up to measure
zero can be equipped with the usual set theoretic operations A and (] so as to become a
(non-unital) boolean ring. This boolean ring, when endowed additionally with the metric
dy, has its automorphism group equal to Aut(X, \) as a consequence of Proposition m

So continuous group homomorphisms G — Aut(X, A) are exactly continuous G-actions
by automorphism on the metric boolean ring (MAlgs(X,\),A,N,dy), and since these
homomorphims are the same thing as boolean actions by the above proposition, the ter-
minology is now fully justified.

As we will see in the next section, we can also view boolean actions as trace pre-
serving actions on the von Neumann algebra L (X, A) satisfying an additional continuity
condition.

2.3 Actions on function spaces

Given a standard o-finite space (X,\), we denote by LO(X,\) the space of measurable
functions X — C, two such functions being identified if they coincide on a conull set. The
following subspaces of functions are of importance to us:

11



e the space L*°(X, \) of complex-valued bounded measurable functions on X, endowed
with the essential supremum norm ||-|| ;

e the space L'(X, \) of complex-valued integrable functions on X, endowed with the
LY norm given by |[fll, = fx |f]dX;

e the space L2(X, \)of complex-valued square integrable functions on X, endowed with
the Hilbert space structure given by the scalar product (f,g) = [ fgdA.

We have a natural left action of Aut(X,\) on L%(X,\) given by

T f(a) = f(T7(x)).

All the subspaces L™ (X, \), L2(X, \) and L!(X, \) are invariant under this action. More-
over, they are acted upon by isometries (for the last two, this uses the fact that elements of
Aut(X, \) preserves the measure, while for L>°(X, \) we only need that the measure class
is preserved).

However, the Aut(X, A)-action on L*°(X,\) is not continuous (for the norm ||-||),
while the Aut(X, \)-action on L?(X, \) and L' (X, \) are both continuous. Indeed, for any
Borel subset A of (X, \) of finite measure, A is sent by an element 7" of Aut(X,\) to a
subset T'(A) which is close to A in (MAlg;(X, \),d)) whenever T' is close to idy. This
suffices to prove the continuity, as both actions are by isometries and linear combinations
of finitely many characteristic functions of finite measure subsets are dense in L2(X, \) and
LY(X, \) for their respective norms.

We denote by B(L?(X,\)) the space of bounded operators on L?(X, \), that is to say
the bounded linear maps from L2(X,\) to itself, and by M s the operator of pointwise
multiplication by a element f of L>°(X, X). We recall that the map

M : L®(X,\) — B(L*(X,\)
f — Mf

is an isometric x-isomorphism between L°°(X,\) (endowed with the algebra structure
provided by pointwise multiplication) and a (von Neumann) subalgebra of B(L?(X,\)),
where # is the involution taking f € L to its complex conjugate x — f(x). The map M
allows us to endow L*°(X, \) with the strong operator topology: a net f,, converges to
f if and only for all £ € L2(X,\), My, & — M€ in L? norm.

daA
an
be the Radon-Nikodym derivative, then the map g — \/fg induces a surjective isometry
L2(X,\) — L2(X, ) which commutes with the action by multiplication of L>®(X,u) =
L*>(X, ). We conclude that strong convergence in L>°(X, u) is an intrinsic notion which

does not depend to the choice of a (possibly infinite) o-finite measure in the class of p.

Remark 2.14. Suppose A is infinite and p is a finite measure equivalent to A. Let f =

We finally identify Aut(X, ) to the following group.

Proposition 2.15. Given any standard o-finite space (X, \), the group Aut(X,\) natu-
rally identifies to the group of x-automorphisms of L (X, X) which preserve the integral of
elements of L°°(X,\) NLY(X, \).

Proof. We have already observed at the beginning of this section that precomposition by
the inverse allows to view every measure-preserving bijection 7" of (X, A) as an integral-
preserving automorphism a7 of L*°(X, \), namely ar(f)(x) = f(T'~!(z)). Observe that
for every A C X Borel, ar(xa) = X1(4)
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Conversely, every integral-preserving x-automorphims « of L*°(X, ) must take pro-
jections to projections. Since the projections which are integrable are naturally identified
to characteristic functions of elements of MAlg f(X , A), every integral-preserving automor-
phism « of L°(X, \) defines a measure-preserving transformation 7'. Moreover, standard
results on C*-algebras yield that « is an isometry for |||, (see e.g. [Con00, Cor. 1.8]).
Using the ||| -density of the linear span of projections, we conclude that « is equal to ap
as wanted. O

Having the above proposition and Proposition 2.13] in mind, we can view boolean
actions on (X, \) as integral-preserving actions by #-automorphisms E| on L*°(X, \) which
are continuous in the following sense (derived from Proposition : whenever g, — ¢
and A € MAlg,(X,\), we have fX lgn - xA — g xald\ — 0, or equivalently whenever
gn — eq and A € MAlg;(X, ), we have [y |gn - xa — x4l dX — 0. Boolean isomorphisms
then become the following.

Proposition 2.16. Let o and 8 be two boolean G-actions on (X, \) and (Y,n) respectively,
both viewed as continuous actions by integral-preserving automorphisms of their respective
L spaces. Then a and B are booleanly isomorphic if and only if there is an integral-
preserving x-isomorphism p : L>°(X,\) — L°(Y,n) such that for all f € L>®(X,\), we
have p(a(g, f)) = B(g, p(f))-

Proof. We may as well assume that X =Y and A = 7, so that by the above proposition p
can be lifted to a measure-preserving bijection ® : X — X. Using the uniqueness of lifts
of elements of Aut(X,\) up to measure zero, it is then straightforward to check that ®
satisfies the required conditions to be a boolean isomorphism between the actions. O

2.4 Locally finite measures

In this section, we introduce the main property of a Borel measure on a Polish space that
we will be interested in, and connect it with the notion of a Radon measure.

Definition 2.17. Let A be a Borel measure on a Polish space X. We say that A is locally
finite if every x € X admits an open neighborhood U such that A(U) < +oo.

Of course this property is only interesting for infinite measures. Let us first observe
that it implies o-finiteness.

Lemma 2.18. FEvery locally finite measure A on a Polish space X is o-finite.

Proof. By assumption, X is covered by finite measure open sets. Lindel6f’s lemma grants
us a countable subcover which witnesses the fact that A is o-finite. O

Remark 2.19. A o-finite measure on a standard Borel space needs not be locally finite.
For instance, the counting measure on QQ extends to a non locally finite o-finite measure
on R. More interesting examples will be given later on.

We then recall a definition of Radon measures, following [Cohl13| Sec. 7.2] where these
are called regular measures.

IThis is not the right point of view if one wants to make sense of continuous actions on von Neumann
algebras in general. In a more general setup, one conveniently uses the fact that any automorphism yields
an isometry of the predual which completely determines it, thus getting a natural Polish topology on the
automorphism group of any von Neumann algebra with separable predual.
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Definition 2.20. A measure A on the Borel o-algebra of a Hausdorff topological space X
is called Radon when it verifies the following:

1. AM(K) < +o0 for any compact subset K C X,

2. for each open subset U of X, we have A(U) = sup{\(K) | K C U, and K is compact}
(inner regularity on open sets).

3. for each Borel subset A of X, we have A(A) = inf{A\(U) | A C U, and U is open}
(outer regularity on Borel sets).

Proposition 2.21. Every locally finite measure A on a Polish space X is Radon.

Proof. A straightforward compactness argument shows that A is finite on compact sets.
For outer regularity, we adapt Cohn’s proof of [Cohl3l Prop. 7.2.3]. By local finiteness,

X can be covered by finite measure open subsets. Lindel6f’s lemma yields a countable

cover (Up)nen of X such that A(Uy,) < 400 for any n. We define the finite Borel measures

tn = A(- NUR),

which are outer regular on X by [Cohl3, Lem. 7.2.4| (indeed X satisfies the condition that
any open set is Fy, by virtue of being metrizable). The rest of the proof is the same: we
fix £ > 0 and a Borel set A C X. By outer regularity of u, we can find an open set V,
containing A such that

9
pin(Vn) < pn(A) + ont1”

therefore we get that

M(Va U\ A) < 2

for any n € N. As V := |J,,(V, N Uy,) is open and satisfies A C V and A(V \ A) < ¢, it
witnesses the outer regularity of A, concluding the proof of the outer regularity.

Inner regularity on finite measure open sets directly follows from [Coh13, Prop. 8.1.12].
Finally, given an open set V' of infinite measure, observe that A(V N ({J,,<y Un)) becomes
arbitrarily large as N grows, hence by inner regularity on finite measure open sets, the set
V' contains arbitrarily large measure compact subsets as desired. O

Recall that a locally compact space is Polish if and only if it is second-countable (see
[Kec95, Thm. 5.3]). In such spaces, Radon measures behave particularly nicely.

Proposition 2.22. Let X be a locally compact Polish space, let A be a Borel measure on
X. Then X\ is Radon if and only if it is locally finite.

Proof. Suppose A is Radon, then since it is finite on compact sets and X is locally compact,
we conclude that A is locally finite. The converse is a direct consequence of the previous
proposition. [l

Remark 2.23. As noted in [Cohl3, Prop. 7.2.6], o-finiteness implies inner regularity on
all Borel sets, not only open sets. Putting together the previous proposition and Lemma
2.18] we see that locally finite Borel measures on locally compact Polish spaces are always
inner regular on all Borel sets.

We finally quote the Riesz-Markov-Kakutani representation theorem, which will allow
us to build Radon measures on new spaces.
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Theorem 2.24 (Riesz-Markov-Kakutani, see e.g. [Rud87, Thm. 2.14|). Let Y be a Polish
locally compact space, and let W be a positive linear functional on the space of complex-
valued compactly supported continuous functions C.(Y). Then there exists a unique Borel
measure n on 'Y such that

w(f) = /Y fi

holds for each f in C.(Y). Moreover, the measure n is Radon.

Remark 2.25. In the proof of Theorem [5.1], it is crucial that the uniqueness of n does not
require it to be Radon. As observed in the beginnning of the proof of [Rud87, Thm. 2.14|
any Borel measure m such that W(f) = [, fdm holds for each f in C,(Y) must be finite
on compact sets, hence locally finite, which implies that it is Radon by Proposition [2.22]
so the above statement does follow from [Rud87, Thm. 2.14] (see also [Rud87, Thm. 2.18]).

2.5 Gelfand spaces in the non unital case

In order to build spatial actions, we will as in [GTWO05| crucially use separable C* algebras,
but in our setup these will be non-unital. We thus start by recalling the Gelfand-Naimark
theorem in the case of a non-unital commutative C*-algebra.

Definition 2.26. The spectrum of a commutative C*-algebra A is the space of char-
acters on A, that is to say the space of non-zero homomorphisms A4 — C. We denote
by Sp(A) the spectrum of A. It is locally compact and Hausdorff when equipped with the
topology of pointwise convergence, and if A is unital, it is a compact space.

Proposition 2.27. If a commutative C*-algebra A is separable, then Sp(A) is a locally
compact Polish space.

Proof. By [Mur90, Rem. 4.4.1], Sp(A) is second-countable. Since every locally compact
second-countable Hausdorff space is Polish [Kec95, Thm. 5.3], the conclusion follows. [J

Theorem 2.28 (Gelfand-Naimark, see e.g. [Mur90, Thm. 2.1.10]). Let A be a non-zero
commutative C*-algebra. The Gelfand representation

A — Co(Sp(A))

o~

fo— f

where f(z) = z(f), between A and the space of continuous functions that vanish at infinity
on Sp(A) is an isometric *-isomorphism.

We now give the proof of the following fact, which is probably well-known, but for
which we have found no reference in the literature. Combined with Theorem [2.24] this will
allow us to define a Radon measure on Sp(A). We are grateful to Georges Skandalis for
pointing this fact out to us.

Proposition 2.29. Let A = Cy(X), where X is a locally compact Polish space. Let also T
be an ideal of A, dense in A with regards to the sup norm ||-||,. Then, Co.(X) C I, where
C.(X) denotes the space of compactly supported continuous functions on'Y .

Proof. Let us fix a non-zero function f in C.(X), supported in a compact subset K.
The Tietze extension theorem grants us a function g in Cy(X) such that ¢ =1 on K.
By density, we have a function h € T such that [|g — h||, < % In particular

1
supprKC{xeX: ]h(:n)|>2}.
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Applying the Tietze extension theorem again, we find j € Cy(Y') such that j = % on K.
We conclude the proof by noting that hjf = f isin Z, as Z is an ideal. O

2.6 Density for C* subalgebras of L*>

In what follows, given a set of functions F C L>°(X, A), we denote by (F); the intersection
of F with the unit ball of L*°(X, p) for the norm ||-|| .

Proposition 2.30. Let A\ be a o-finite measure on a standard Borel space X. Let G be a
unital C*-subalgebra of L>°(X, \), i.e. a |||, -closed unital x-subalgebra of L>°(X, X). The
following four conditions are equivalent

(1) (G)1 NL2(X, \) is ||-||o-dense in (L°(X, )1 NL2(X,\);

(2) GNL2(X,N) is ||-||o-dense in L2(X, \);

(3) the set of finite measure supported elements of G is ||-||o-dense in L?(X, \);
(4) GNLYX,N) is |||, -dense in L1(X, \).

Moreover, these equivalent conditions imply:

(5) G is strongly dense in L>®°(X, ).

Finally, if X is finite, implies the four above conditions.

Proof. We clearly have that implies . To see the converse, it suffices to show that
finite measure supported elements of G are |-||,-dense in G N L2(X, \).
To this end, let f € GNL2(X,\). For every 6 > 0 and z € C, let

ps(z) = 2 X |Z|‘z"5 otherwise.

Since G is a C*-algebra and pg is continuous, we have pso f € G. Moreover, pso f has finite
measure support because f € L2(X, \), and the Lebesgue dominated convergence theorem
ensures us that

li =

limpso f = f
in the L2-norm, so we conclude that the set of finite measure supported elements of G is
|-ll,-dense in G N L?(X, ), which shows that implies as wanted.

Now since bounded elements are dense in L2(X,)), it is clear that implies .

Conversely, if G NL2(X, A) is |||, dense in L2(X, \), let f € (L°°(X, A)); NL2(X, \). Let
fn— fin |||, with f, € G. Define the continuous function ¢ : C — C by

S R EI N
q(z) = |§| otherwise.

Since G is a C*-algebra, for all n € N we have g o f, € (G)1. Moreover for all x € X we
have |go fn(z) — f(z)| < |fu(z) — f(2)|, so we also have qf, — f in |||, thus finishing

the proof that implies . So conditions , and are all equivalent.
We now prove that and are equivalent using the square and root functions on

complex moduli:
r(z) = r(|z] %) = \/]z]e""
s(z) = s(|z] €)== |z €=
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Note that r and s are homeomorphisms of C, inverse of each other. Moreover given
f € LY(X, \) the function so f is in L?(X,)\) and vice-versa. Furthermore, if f is in G,
ro f and so f remain in G as it is a C* algebra. We prove that implies .

Let then g € L?(X,)), and let f = so g so that g = r o f with f € L}(X,)). By
assumption, we have a sequence (f,,) converging to f for the L! norm, with f € G. By
a classical theorem attributed to Riesz—Fischer (see e.g. [Bou04, IV §3 Thm. 3|), we can
extract a subsequence (f,,) converging pointwise almost everywhere to f so that there
exists h € LY(X,\) verifying |f,,,| < h almost everywhere for any k. Thus, the sequence
(ro fn,) is in L% and r o fn, — 7o f pointwise almost everywhere. Moreover, we have
70 fu.| < 7oh € L3X,)\) for any k. By the L? version of the Lebesgue dominated
convergence theorem, we have r o f,,, — r o f in L? norm. In other words g = 7o f can
be approximated for ||-|, by functions in G N L?(X, ) as wanted, thus showing that
implies . The symmetric argument gives the reverse implication, so conditions , ,
and are all equivalent.

We now connect them to by showing first that implies strong density of G in
L>°(X, \). To this end, first note that L>°(X, \) NL2(X, \) is strongly dense in L>®(X, \):
if f € L>°(X,\) and (X,,) is an increasing sequence of subsets of finite measure subsets of

X such that X = J,,cy Xn, then for all £ € L?(X, \)

196 = sl = [ @R N — 0
by the Lebesgue dominated convergence theorem, so flx, — f strongly. Towards show-
ing the desired implication, assume (|1)), it now suffices to strongly approximate any f €
L°°(X,\) NL%(X, \) by a sequence of elements of G. Replacing f by f/ || fll., if need be,
we may as well assume f € (L*°(X,\));. We then have a,, — f in |||, with a, € (G);.
By density of step functions and the fact that ||a,||,, < 1, it suffices to show that if B is
a finite measure subset, then a,1p — f1p for ||-||,, which is an immediate consequence of
the fact that

lanlp — flp|5 = /B lan(z) = fu(@)]> dA(@) < llan = fll3 — 0.

Finally, if X is finite, let us show implies ([2). Take any generalized sequence (f;)
in G converging strongly to f € L>(X,\), then f;1x — f1x, which means exactly that
| fi — fll, = 0. This concludes the proof, as the finiteness of X yields that L>°(X,\) is
[||l-dense in L2(X, \). O

Remark 2.31. Similar arguments show that we can add to the list of the first 4 equivalent
conditions the L! versions of condition and , namely
(1) (@)1 NLYX,A) is ||-||;-dense in (L>°(X, \)); NLY(X, \);
(3") the set of finite measure supported elements of G is ||-||;-dense in L' (X, \).
We did not include them in the statement for brevity.

As a concrete example of the above situation, we have the following well-known lemma,
which will be useful in our characterization of spatial realizations of Boolean actions via
Gelfand’s theorem.

Lemma 2.32 (see [Cohl3l Prop. 7.4.3]). Let Y be a locally compact Hausdorff space
equipped with a Radon measure n, and consider the C*-algebra Cy(Y') of continuous func-
tions that vanish at infinity on Y. Then Co(Y) NL2(Y,n) is ||-||y-dense in L2(Y,n). In
particular, the strong closure of Co(Y) in B(L2(Y,n)) is equal to L=°(Y,n). O
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3 G-continuity and spatial models

3.1 (G-continuity

We recall the definition of G-continuity, which has notably been used in |[KS11] and in
[GWO05] to discuss the existence of spatial models for boolean actions of Polish groups.

Definition 3.1. Let GG be a Polish group, and let o be a measure-preserving boolean G-
action on a standard o-finite space (X, \). We say that f in L°°(X, \) is G-continuous
if Hf — foa(g;t, )Hoo — 0 whenever g, — eg. The space of G-continuous functions will
thereafter be denoted by G.

The set G of G-continuous functions is easily seen to be a unital x-subalgebra of
L*®(X,X). We will now see that it is actually a C*-algebra, i.e. that it is ||| -closed.
This will be a direct consequence of the following well-known proposition.

Proposition 3.2. Let (M,d) be a metric space on which a topological group G acts by
isometries. Denote by Mq the set of x € M such that d(gy, - x,x) — 0 whenever g, — eq.
Then Mg is a closed subset of M, and it is the largest subset of M onto which G acts
continuously.

Proof. Let (x) be a sequence of elements of Mg converging to x € M. Fix ¢ > 0. Towards
showing x € Mg, take a sequence (g, ) tending to eg. By the triangle inequality, we have
the following for all k,n € N:

Fix k large enough so that d(x,zx) < e. Since g, is an isometry, we have d(gy, - Tk, gn - ) =
d(x,z), and so both the first and third terms in the above sum are less than . For the
second term, since xj is a point of continuity for the G-action, it is smaller than € for n
big enough, which concludes the proof that Mg is closed.

Now by the definition of Mg, the restriction of the action of G on a set which intersects
the complement of Mg cannot be continuous. We thus only need to show that the action
on Mg is continuous. To this end, let x,, — = with z,,,x € Mg and let g, — g. Then

d(gn - Tn, g - ) < d(gn - Tnsgn - x) + d(gn - z,9 - T)
= d(zp,x) + d(g_lgn T, ).

Since g~ 'g, — eq and € Mg, we have d(g g, - x,2) — 0, and since z,, — , we also
have d(xy,z) — 0. So d(gn - Tn, g - x) — 0 as wanted, which finishes the proof. O]

Corollary 3.3. Let m : G — Aut(X,\) be a boolean action. Then the space G of G-
continuous functions is actually a unital C*-subalgebra of L°°(X,\) onto which G acts
continuously.

Proof. We have already observed that the G-action on (M,d) = (L*(X, A),|-||,,) associ-
ated to 7 (given by g- f = fom(g)~!) is by isometries, and by definition G = Mg so the
conclusion directly follows from the previous proposition. O

We finally observe that we have the following natural source of G-continuous functions.

Lemma 3.4. Let X be a locally compact Polish space, let o : GXX — X be a continuous G-
action, consider the action on Co(X) by precomposition by the inverse, then every element
of Co(X) is G-continuous, namely Hf —foa(g™, )Hoo — 0 when g — eq, where |||, is
the supremum norm.
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Proof. Let f € Cy(X), let € > 0. Let K be a compact set such that for all z ¢ K we have
|f(z)|] < e. By continuity of the action and of f, for every z € K there is a neighborhood
U, of z and a symmetric neighborhood N, of eg such that |f(a(g,2’)) — f(x)| < € for all
g € Ny and all ' € U,. Take a finite subcover (U,,)"; of K, let N' = (I, Ny, then if
x € U,,, the triangle inequality yields

[flalg,x)) — f(@)| < [f(elg, 2)) = fli)| + [f(z0) = f(2)] < 2e.
Now let € X be arbitrary and take g € N/, we have three cases to consider:
e if z € K then |f(a(g,x))) — f(z)| < 2¢ by what we just did;
o if + ¢ K and a(g,z) € K by symmetry of N |f(a(g!, a(g, z)) — f(a(g,z))| < 2¢
so |f(z) — flalg,z))| < 2¢;

o if z ¢ K and a(g,z) ¢ K, then we both have |f(z)| < € and |f(a(g,2))| < &, so
again |f(z) — f(a(g,z))| < 2e.

We conclude that || f — f o a(g, )|, < 2¢ for all g € N, which finishes the proof that f is
G-continuous. 0

3.2 Continuous Radon models for infinite measure-preserving boolean
actions

Following the terminology of Glasner-Tsirelson-Weiss, a continuous spatial model for a
boolean measure-preserving action « of a Polish group G on (X, \) is a continuous G-action
on a Polish measured space (Y,n) which is booleanly isomorphic to . Moreover, if Y is a
locally compact Polish space and 7 is Radon, we call the G-action on (Y, 7) a continuous
Radon model for . We can now state and prove our version of the Glasner-Tsirelson-
Weiss result in the context of possibly infinite measures, namely Theorem [C]

Theorem 3.5. Let G be a Polish group, and let a be a boolean measure-preserving G-action
on a standard o-finite space (X, \). The following are equivalent:

(1) the algebra G of G-continuous functions satisfies

lI-ll1

GNLI(X,A) " =LY(X,\),

(2) the algebra G of G-continuous functions satisfies
GnLzx, 0 = 12(x, 0,

(3) the action o admits a continuous Radon model.

Proof. In the whole argument, we systematically view boolean G-actions as continuous
actions by integral preserving x-automorphisms on L*°, as per Proposition and [2.15]
We also recall Proposition which allows us to understand boolean isomorphism of
action at the level of L*°.

By Proposition and are equivalent, since Corollary ensures that G is a
unital C*-subalgebra of L>°(X, A).
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The implication |D is a consequence of the fact that if 5 is the action on the con-
tinuous Radon model (Y, 7n) as in , then viewed as an action on L*>°(Y, ), the restriction
of B to Cy(Y) is continuous by Lemma Since Cy(Y") satisfies Cp(Y) N LQ(Y,77)'|-||2 -
L*>(Y,n), we obtain through the boolean isomorphism between « and  that G satisfies

the desired density condition G N L2(X, )\)H'”2 =L2(X,\).

The converse (2)=(3) requires more work, as in [GTWO05]. We fix a boolean measure-
preserving G-action «, viewed as a continuous G-action by *-automorphisms on L (X, \)

which preserves the integral. We assume that its space G of G-continuous functions (which
is a C*-algebra by Corollary satisfies condition .

Step 1. Choosing a suitable separable a-invariant C*-subalgebra A C G. By
Proposition [2.30} the set of finite measure-supported elements of G is ||-||,-dense in G. Since
L2(X, \) is separable for the L? norm, we may fix a countable subset D C G consisting of
functions whose supports have finite measure, such that D is ||-||,-dense in L2(X, A).

Let £ = a(G)D, then we claim that & is |-|| -separable: if T" is a countable dense
subset of G then by G-continuity the countable set a(I")D is dense in . If we finally
let A denote the C*-algebra generated by £, then A is still separable: the countable set
of finite Q[i]-linear combinations of finite products of elements of a(I")D U (a(I')D)* is
dense therein. By construction A C G and A is ||-|| . -separable. Moreover, it contains a
|||l ,-dense subset D of L2(X, \) consisting of functions whose supports have finite measure.

Step 2. Building the space and the measure. By the theorem of Gelfand-Naimark

(Theorem [2.28)), the map
p : A — Co(Sp(A))

given by p(a)(x) = x(a) for any x in Sp(.A), is an isometric *-isomorphism. Let Y := Sp A,
then since A is separable we obtain from Proposition [2.27]that Y is locally compact Polish.
Now let
Z:={a€ A: Xsuppa) < +o0}.

Then Z is and ideal of A which is ||-||,-dense in L%(X, A) since it contains D.
Functions in Z are essentially bounded and have supports of finite measure, therefore
they are integrable, so the measure A defines a positive linear functional

\I/)\ I — C
f — fod)\.

The linear functional ¥y can be transported through the Gelfand isomorphism, yielding the
positive linear functional ¥yop~! : p(Z) — C. Propositionensures that C.(Y) C p(Z),
where C.(Y) denotes the space of compactly supported continuous functions on Y. We
then restrict ¥ o p~! to C.(Y), and by Theorem we obtain a unique Radon measure
n on Y such that for all f € C.(Y),

/Y fdy = /X 1 (f)d

Step 3. Extending p to the whole L*>°(X,\). We will now extend the definition of
p to functions in L>°(X,\). We are essentially reformulating the uniqueness of the GNS
construction for weights in our restricted setup. While the construction is natural, it is
quite long to set up and we thus encourage the reader to take this step for granted at first
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reading. The following diagram summarises the situation and the notations that we will
use throughout this step.

L2(X,\) — 2 12(v,m)

ﬂ -cls u~||2-c1s]

1— " @

[l oo -cls [[-ll o-cls

o A—L s Goy) s

str-cls str-cls
nM y "

BLA(X, %) L BELA(Y.n))

By definition of n, for any f in Z we have [, fdA = [, p(f)dn. In other words,
piz preserves integrals, hence it takes the inner product of L?(X,\) to that of L2(Y,n).
Therefore p induces a surjective isometry p between the ||-||,-closures of Z and p(Z), which
are L2(X, \) and L2(Y,n) respectively, by density of Z (this is where the fact that D C T
is crucially used) and by Lemma m

We then have a natural sisomorphism p : B(L?(X,\)) — B(L?(Y,n)) given by the
conjugacy by p, namely for all f € B(L?(X,\))

) = o,
Being the conjugation by a surjective isometry, p takes the strong topology on B(L2(X, \))
to the strong topology on B(L2(Y,n)).
Recall that we defined M as the multiplication embedding f € L*(X,\) — M; €

B(L2(X,))). We use the same notation for the multiplication embedding M : L>®(Y,7n) —
B(L%(Y,n)). For any functions a in A and ¢ in Z, we have

p(Mo&) = p(a&) = p(a)p(§) = My@a)p(§)-

By density of Z and by continuity of the multiplication, this still holds if we take £ to be
in L2(X, ), i.e. for any a in A and any ¢ in L2(X, \), we have

P(Ma§) = Myq)p(§).

This is equivalent to baying that pM,p~ ! = p(a), for any a in A, which can be refor-
mulated as p(Ma) = M, by definition of p. Since AN L*(X,\) is dense in L*(X, X),
by Proposition [2.30) - 0| the strong-closure of M(A) in B(L%(X, \)) is equal to M (L>®(X, \)).
Moreover, by Lemma [2.32 “ the strong closure of M (p(A)) = M(Cy(Y)) in B(L2(Y,n)) is
equal to M (L*(Y,n)).

Therefore the isomorphism p restricts to an isomorphism of von Neumann algebras be-
tween M (L*°(X, \)) and M (L*°(Y,n)) sending the measure A to 7. As the homomorphisms
M are isomorphisms on their images, defining p by

p(f) =M~ pM(f)

for any f in L*°(X, \) allows us to extend p to p : L=(X,A) — L>(Y,n).
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Step 4: Defining 8 and showing that it is the action we want. We now show that
G acts on (Y,n) in a spatial manner, and that this action is booleanly isomorphic to the
original boolean G-action on (X, \).

Since p is an isomorphism L*°(X,\) — L*(Y,n), we already have our candidate
boolean action 8 on L*°(Y,n), uniquely defined by letting, for all f € L*°(X,\),

Blg,p(f)) = plaly, f))-

Now G acts on A via «, yielding a spatial action & on Y = Sp A defined by: for any y € Y
and any a € A, &(g, x)(a) = x(a(g™", a)).

Since p extends p, we have in particular that for every a € A, (g, p(a)) = p(a(g,a)).
So A(g,p(a))(x) = x(a(g,a)) for any x in Y. We can rewrite this as:

B(g, p(a))(x) = x(alg,a)) = d(g~",x)(a) = p(a)(@(g™", x))

In other words, when restricted to p(A) = Cy(Y'), the action 3 coincides with the precom-
position by the inverse associated to the spatial action &. By strong density of M(Cp(Y))
in M (L*°(Y,n)) and strong continuity of p, the same conclusion holds on L*°(Y, n), namely
[ coincides with the precomposition by the inverse associated to the spatial action &.

In other words § is the boolean action associated to &, and since S was integral pre-
serving we have that & is measure-preserving (this could also be checked directly using the
Riesz-Markov-Kakutani theorem).

We finally need to check is that & is continuous, using the fact that A consists solely of
G-continuous functions. The topology on Sp(.A) is the topology of pointwise convergence,
so we fix a in A. Let (g,) be a sequence of elements of G converging to eg and let (x,) be
converging to y in Y = Sp. A. We have

1(gns Xn)(@) — X(@)] = [A(&(gn, xn)) — X(0)]
< (@G xn)) — A0¢n)| + [80¢n) — A0
<|lalgiha)=a]  +lxa@) — x(a)|
Co(Y)

<Jlalgn @) = afl  + [xa(a) = x(a)] -

By convergence of () the second term tends to zero as n grows, and the first term tends
to zero as n grows by G-continuity of a. Therefore the G-action on Y is continuous as
wanted. O

4 Applications and examples

4.1 Construction of G-continuous functions when G is locally compact

In the whole section, we work with a fixed locally compact Polish group G, and denote
by m its left Haar measure. We start by recalling the definition of convolution between
an essentially bounded function on a measure space and a function that is integrable with
regards to the Haar measure of the group acting on said space.

Definition 4.1. Consider a boolean measure-preserving G-action « on (X, A) as in Defini-
tion . Let f € L°(X,\) and § € L}(G,m). For any x in X, the convolution product
0% f: X — C is defined by: for all z € X,

5% f(z) = /G 5(9)f (alg™", 2))dm(g).
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Using for § an approximation of the identity, we will see that G-continuous functions
are always dense for boolean measure-preserving actions. We start by proving the following
well-known lemma.

Lemma 4.2. Consider a locally compact Polish group G, and a boolean measure-preserving
action « of G on a standard o-finite space (X, \). Let § : G — Ry be continuous of integral
1 and compactly supported. Then, for any function f in L°(X,\)NLY(X, ), §* f is in
Lo°(X, \) NLY(X, ) with ||6 * ||, < || fll;, and is G-continuous.

Proof. We first check that ¢  f is in L*(X, \), as it is clear that it is in L°°(X, \). Using
Fubini’s theorem and the fact that ¢ takes nonnegative values we have

/ 16 % f(2)] dA(x) = /X G6<g>f<a<g—1,x>>dm<g> dA(z)

< [ [ 15 stats™ 2| dm(g)ax)
— [ 8t9) [ Iftats™ p| dA)dms)
G X

= £y

the last equality being a consequence of the fact that fG g)dm(g) = 1 and g preserves
the measure. In particular we have ¢ * f € L1(X, \) and moreover || = f|; < || f];-
We finally prove that it is G-continuous. Let us take € > 0. For any h in G we have

5% falhz)) = /G 5(9)f(a(g"h z))dm(g / 5(hg) f(alg™", 2))dm(g).

Therefore, we have

|05 f(x) = 6+ fa(h,x))] < /G 16(9) — 8(hg)l | £(alg™" )| dm(g). (1)

By Lemma for the G-action on itself by left translation, we can fix a neighborhood A/
of e such that for all h € M and g € G, |0(g) — d(hg)| < . Also, note that if K = suppJ,
then 6(g) — d(hg) = 0 for all g ¢ K Uh~'K, which has measure at most 2m(K) since m
is a left Haar measure. It follows that

/\5 5(hg)| dm(g) < 2¢ x m(K)

Therefore we can control the left hand side of Equation by the L* norm of f:
0% f(z) =0 fa(h, z))| <2 xm(K) x| fl
which concludes the proof. O

We can now prove Theorem |D| in the special case that the acting group is locally
compact.

Theorem 4.3. Let G be a locally compact Polish group, and consider a boolean measure-
preserving G-action on a standard o-finite space (X, X). Then the action admits a contin-
uous spatial model on a locally compact Polish space (Y,n), where n is a Radon measure.
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Proof. We want to apply condition from Theorem in order to conclude.
Since bounded functions are dense in L1(X, \), we fix some f € L®(X, ) NLY(X,\),
some € > 0, and our aim is to find a G-continuous function which is e-close to f for ||-||;.
For any § € LY(G,m) compactly supported of integral 1 taking nonnegative values,
we know from Lemma that 0 x f is in L>°(X,A\) N L(X, )\) and is G-continuous. By
Fubini’s Theorem, we also have

=51l = [ |0~ [ sstats™ animis)| xe

“J,

< [ [ 8@ = st o) dma)ir)
= [ 8t9) [ 1@ - ftatg™" )| dh)dmig)
G X
B /G5(9)||f — foalg™,)[idm(g)
But as noted in Section the G-action on L!(X,\) is continuous. Therefore there
exists a neighborhood N; of eg such that ||f — foa(g™!, )|l1 < e for any g in N.. Taking

now ¢ as above whose support is moreover contained in Nz, we obtain || f — 6 = f[|; < e,
which concludes the proof. O

[ st s@ants) - [ 5(g)f(a(g‘1,m))dm(g)‘dA(:v)
G G

Combining Mackey’s theorem (Theorem , and Theorem 4.3 we obtain Theorem
as a corollary.

Corollary 4.4. Let G be a locally compact Polish group and (X,\) be a standard o-
finite space. Let also o be a measure-preserving G-action on (X,\). Then « is spatially
isomorphic to a continuous measure-preserving G-action on a locally compact Polish space
Y endowed with a Radon measure 1.

Proof. By Theorem the boolean action associated with « admits a Polish model 5 on
(Y,n), where Y is locally compact and Polish, and 1 is a Radon measure. By Mackey’s
theorem (item ([2) of Theorem , since o and [ are booleanly isomorphic, they are in
fact spatially isomorphic. O

In section [5.2| we give another way to obtain Corollary without relying on the use
of Mackey’s theorem. By working directly with measurable bounded functions and the
genuine supremum norm instead of equivalence classes of functions up to measure zero, we
explicitely construct the desired spatial isomorphism.

4.2 Actions of isometry groups of locally compact separable spaces

In this section, building upon Theorem and Theorem [3.5] we extend the result of
Kwiatkowska-Solecki on the existence of continuous spatial models for isometry groups of
locally compact separable spaces to our o-finite setup. As in their paper, we rely on the
following characterization of this class of isometry groups (endowed with the topology of
pointwise convergence).

Theorem 4.5 (Kwiatkowska-Solecki, see [KS1I, Thm. 1.2]). Let G be a Polish group.
Then G is topologically isomorphic to the group of isometries of a locally compact separable
metric space if and only if it satisfies the following property:
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(x) for every open neighborhood of the identity U C G there is a closed subgroup H < G
such that H C U, N(H) is open, and the Polish space G/H 1is locally compact.

Let us remark that in the normalizer subgroup N(H) is open, hence closed, in
particular N(H)/H is a closed subset of the locally compact space G/H. Since it is
moreover a topological group, we conclude that N(H)/H is a locally compact Polish group.

Proposition 4.6. Let G be the isometry group of a locally compact separable metric space,
and consider a a boolean measure-preserving G-action on a standard o-finite space (X, \).
The set of square integrable G-continuous functions with regards to this action is dense in
L2(X,\).

Proof. Consider an element f of L2(X,)\), and fix ¢ > 0. As G acts continuously on
L2(X, \) there exists an open U such that for any A in U we have Hf — foa(h™, )H2 <e.
As G satisfies Condition , we can fix a closed subgroup H < G such that H C U, the
quotient space G/H is locally compact and the normalizer N (H) is open.

Consider now

C = Conv{(fo a(h—1, )| he H}H.”27

the L2-closure of the convex hull of the orbit of f under the H-action. Note that C is
contained in the closed ball centered in f and of radius e.
By the projection onto a closed convex set theorem (see e.g. [Rud87, Thm. 4.10.]), there

is a unique element of minimal norm E in C, satisfying in particular || f — EH < €. Since
2

the group H acts by unitaries on C, the vector E is fixed by the H-action. In particular, E is
H-continuous, although it might be unbounded and have support of infinite measure. To
conclude the first part of the proof we approximate E by functions in L (X, \) NL23(X, \)
whose support has finite measure while retaining the H-invariance. Let

= M@t

For any n the function &, is in L>(X, \) N L2(X, \), has support of finite measure, and is
H-invariant, in particular it is H-continuous. As &, — ¢ in ||-||5, we can fix, for some n
large enough, a function £ = &, that is e-close to é\, and hence 2e-close to f, while being
H-invariant and having a support of finite measure.

Let now M be the von Neumann algebra generated by the N(H)-translates of &, i.e.
the strong closure in L°°(X,\) of the linear span of the N(H)-translates of ¢ and of
the constant function 1. We claim that any element of M is fixed by H. Indeed, any
N (H)-translates of ¢ is easily checked to be H-invariant, so the linear span of the N(H)-
translates of £ consists of H-invariant vectors. Finally, since each h € H acts continuously
on L*>°(Y, \) for the strong operator topology, its set of fixed points is closed, so M consists
of H-invariant functions.

We now argue, using a simpler version of the arguments in the proof of Theorem
that the N(H)-action on (M, \) can be seen as a boolean action on a o-finite space, pos-
sibly with atoms. It will then be easy to see that it descends to a boolean action of the
locally compact Polish group N(H)/H, allowing us to use Theorem

Denote by J the ideal in L>°(X, \) of functions whose support has finite measure. First
observe that since £ belongs to J and the N (H)-action preserves the measure A\, we have
that J N M is strongly dense in M. In a similar fashion to the first step of the proof of
Theorem we let D be a countable dense subset of J N M NL3(X, \) for the L? norm,
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and let A be the [|-|| -closure of the linear span of D. Then A is a separable C*-subalgebra
of M which is strongly dense in M, and such that the ideal Z := ANJ is ||-|| .-dense in A.
Using now the Gelfand theorem exactly as in the second step of the proof of Theorem
we have a locally compact Polish space Y endowed with a Radon measure 7 so that after
identification through the Gelfand isomorphism, A = Cy(Y') and hence by strong density
M =L>(Y,n). By construction n and A coincide on Z, in particular they define the same
measure on Y. So the N(H )-action on M = L*(Y,n) is continuous in the sense that we
gave right before Proposition namely for every A € MAlg(Y,7), and every g, — eg
in N(H),

/|gn-XA—XA|d77—>0-
Y

We thus now have a Boolean action of N(H) on (Y, 7), where (Y, ) is a standard o-finite
space, possibly with atoms, and moreover M = L*°(Y, 7). But since every element of M is
fixed by H, the restriction of this boolean action to H is trivial and the boolean action thus
descends to a boolean action of the quotient group N(H)/H, which is a locally compact
Polish group. Applying Theorem |4.3|along with Theorem , we now find & € L2(Y,n) C
L2(X, \) which is e-close to & and N (H)/H-continuous, and hence N (H )-continuous when
we view again this N(H)/H-action as an N (H)-action.

Since N (H) is open in G, we have in particular that ¢, seen as an element of L?(X, \),
is G-continuous, and by the triangle inequality it is 3e-close to the function f we started
with, which finishes the proof. O

We can now directly prove Theorem

Theorem 4.7. Let G be the isometry group of a separable locally compact space. Then
every boolean measure-preserving G-action on a standard o-finite space (X, ) admits a
continuous Radon model:

Proof. By Proposition the G-continuous functions are dense in L2(X, \), and we can
then apply Theorem [3.5] to conclude the proof. O

Remark 4.8. By the above theorem, it is always possible to find a continuous Radon
model for any boolean measure-preserving action of the non-archimedean Polish group
S~. However, as we explain in Section [5.4] it is not always possible to turn boolean
isomorphisms between G, spatial actions into spatial isomorphisms, as opposed to what
happens locally compact groups (see the second item of Theorem [2.7)).

Remark 4.9. It is a result of Nessonov that for every boolean non-singular &,.-action «
on (X, \), there is an equivalent o-finite measure X' € [A] such that o becomes measure-
preserving [Nes20, Thm. 1.1]. So our result yields that every boolean non-singular & .-
action admits a continuous Radon model.

4.3 An ergodic boolean action with two distincts spatial models

In this section we present an example of an ergodic boolean action with two distincts
spatial models on probability spaces, which was explained to us by Todor Tsankov. The
action is that of G, on the countable product of the unit interval endowed with the

Lebesgue measure ([0, 1]N , )\®N>. The first spatial action « is the natural action of &, by

permutation of the coordinates. For the second action 3, we first define the space LO(N)
of linear orderings of N:

LO(N) = {z C N? | z is a linear order on N},
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and for any element = (that we will denote in a more usual way by n <, m <= (n,m) € x)

of LO(N), the G -action 3 is defined by
(n,m) € B(o,x) <= n(o- <z)m <= o 1(n) <, o' (m)

for any o in S,. We define on LO(N) the uniform measure p, by

1
p ([k1 <z ko <z ... <z kn]) = —

for any distinct k1, ..., k, in N, where
[k1 <z k2 <z ... <z kn] ={z € LON) | k1 <g k2 <z ... <g kn}.

This probability measure is invariant under the ©4.-action 8, and do note that it is the only

such measure by construction. Do recall also that, as LO(N) is a compact space as a closed

subset of {0, I}NQ, G is not extremely amenable. Indeed, &, contains transpositions,

and in particular it cannot preserve a linear ordering of N, hence the previous assertion.
The correspondence between the two actions is defined as follows:

& : 0,1 — LON)
(Ti)ien —  <a,

where <, is defined by n <, m <= x, < x,, (the order < on the right-hand side being
the natural order on [0,1]). Note that for A¥N-almost all z in [0,1]", the z,, are distinct,
so @ is well defined. We then show that the images by ® of two distinct elements are
isomorphic as orderings of N.

Definition 4.10. An order < on a set A is dense on A if for any two elements n,m in
A such that n < m, there exists a third element k& in A such that n < k < m.

Definition 4.11. An order < on a set A is unbounded on A if for any element k in A,
there exists two elements n and m in A such that n < &k < m.

Proposition 4.12. An order < in LO(N) is dense and unbounded on N, pi,,-a.e.

Proof. Fix n,m and k in N. We have

By, (I < k<] | [n<m)) = 5.
therefore by Borel-Cantelli’s Lemma, as n and m vary, n < k < m happens infinitely often,
and thus < is unbounded p,-a.e. The same argument used with &k varying instead also
ensures that < is dense p,-a.e. which concludes the proof. O

The following back-and-forth argument is well-known and classical, but we give it for
the sake of completeness.

Proposition 4.13. Any two dense and unbounded orders on infinite countable sets are
isomorphic, i.e. there exists an order preserving bijection between the respective spaces.

Proof. Let A= {a; | i€ N} and B = {b; | i € N} be two countable infinite sets, and let <4
and <p be two dense, unbounded linear orderings on A and B respectively. We inductively
construct an embedding ¢ : (A, <4) < (B, <p).

We arbitrarily send ag to by. We then send a; to ¢(a;) such that (bg, ¢(a1)) is ordered like
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(ag,a1). At rank n, a, is sent to p(ay), an element that respects the order of (ao, ..., a,),
which necessarily exists because <p is dense and unbounded.

In other words, for any finite subset F' of (A, <4), and for any a in A\ F, it is possible
at any rank to extend the existing embedding F' — (B, <p) into F U {a} — (B, <p).
By doing the same construction with (B, <p), and given that <p is also dense and un-
bounded, it is possible to define by induction

on By, C (A, <A) — (B, <B)
such that Fj, is a finite subset of A, and such that for any n we have
{ {ao,--',an} C Fy,
{bo, -, bn} € pant1(Fany1)

The limit function of the ¢, is the order-preserving bijection we sought. O

Proposition ensures that p,-a.e. there is only one &.-orbit on LO(N). On the
other hand, the natural &.-action on ([O, l]N , )\®N) only admits orbits of measure 0. We

then have the following proposition.

Proposition 4.14. The application ® : ([0, l]N,)\®N> — (LO(N), pty,), sending (x;) to
<z, where <, is defined by n <, m <= x, < T, 15 Cx-equivariant, measure-preserving
and \®N-a.e. injective.

Proof. Checking the &,-equivariance is straightforward, and so is checking the fact that
® is measure-preserving. For the A®N-a.e. injectivity we first fix ¢ in Q N [0,1]. The Law
of Large Numbers ensures that for A*N-almost any sequence (x;) we have

lim {ie{0,...,n—1}:z; < q}| —y

n—-+4oo n

(2)

Taking a countable intersection of conull sets, we can therefore find a conull subset X
of [0,1]" such that whenever (z;) is in Xy, Equation holds for any ¢ in QN [0,1]. A
straightforward density argument now shows that Equation holds for any ¢ in [0, 1] and
any (z;) € Xo.

Let us conclude by showing that @y, is injective: take distinct elements x = (x;) and
y = (y;) in Xo, there is an index k such that xy # yi. Then taking ¢ = z} and ¢ = yy, for
(x;) and (y;) respectively in (2), we obtain that

pp E(0n—m<adl |, €0 n— 1y <]

n—-+oo n n—+00 n

This implies that <,#<,, as their respective proportions of integers smaller than the
integer k are different. O

The previous proposition gives an example of a negative answer to the boolean to spatial
isomorphism problem for the case of the non-locally compact group &, for actions on
probability spaces:

Proposition 4.15. Let G = 6. The G-action o on <[O, 1]N , )\®N> and the G-action 3
on (LO(N), py,) are booleanly isomorphic, but not spatially isomorphic.

Proof. We define ® as in Proposition [4.14] This application is (well-defined and) injective
on a conull subset Xy C [0, 1]N . As it is also G-equivariant, setting X, = XoNg- X for any
g in G defines a boolean isomorphism between o and 5. They are not spatially isomorphic

however, since a only has orbits of measure 0, but Proposition ensures that 8 has a
conull orbit. O
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5 Spatial actions and continuous Radon models

In this section, we are interested in a related question on Borel G-actions on infinite
measured spaces: given such an action, can it be Borel embedded G-equivariantly into a
continuous G-action on a locally compact Polish space so that the pushforward measure is
a Radon measure?

We will first give an abstract characterization of this, and then show that the answer is
always positive for locally compact groups, thus proving Theorem [B] After that, we discuss
the related question of continuous realizations of Borel infinite measure-preserving actions.
Finally, we give a simple example showing our embedding theorem fails for the non locally
compact group G = G.

5.1 Characterization

In this section, we will work in the space £°°(X) which we define as the C*algebra of
all bounded Borel functions X — C, endowed with the norm of uniform convergence
| flloo = supgex |f(x)| (no essential supremum here!). Observe that if G acts on X, the
notion of G-continuous element of £°°(X) still makes sense for the norm |||, that we just
defined. We also denote by £!(X,\) the space of integrable complex-valued functions on
X.

Theorem 5.1. Let G be a Polish group, suppose a : G ~ (X, \) is a Borel action by
measure-preserving bijections on a standard o-finite space (X, ). The following are equiv-
alent:

(i) There is a continuous G-action 8 on a Polish locally compact space Y and a Borel
injective map ® : X — Y such that &\ is Radon and ®(a(g,x)) = B(g, ®(x)) for
allx € X and all g € G;

(ii) The algebra of G-continuous functions in L£®(X) N LY(X,\) contains a countable
subset which separates points.

Proof. Let us begin by the easier implication :>, and assume we have a : GXx X — X
Borel preserving a o-finite measure \, 8 : G XY — Y continuous and ® : X — Y injective
such that for all z € X, ®(a(g,z)) = S(g, (z)).

By compactness, every compactly supported continuous function on Y is G-continuous
with respect to the action 5. Since Y is locally compact second-countable, it admits a
compatible proper metric d. Let {y,: n € N} be a countable dense subset of Y, and define
for each n € N a continuous compactly supported function f,, by

fn(x) = max (1 - d(ymx)a 0) .

The density of (y,,) implies that this family of G-continuous functions separates the points
of Y. It then follows from the injectivity of ® that (f,, o ®),cn separates the points of X,
and by the equivariance of @ it consists of G-continuous functions with respect to « as
wanted.

We now prove the converse implication :>. Let us fix a countable set of functions
D C L*(X) N LYX,)\) that separates points. We then consider I' a countable dense
subgroup of G and give a similar argument to the one in Step 1 of the proof of Theorem
By G-continuity the ||-||-closure of & = {foa(T,-) | f € D} is equal to &g =
{foa(G,-) | f € D}. We denote by A the C*-algebra generated by £;. The countable set
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of finite Q[¢]-linear combinations of finite products of elements of & U (&€r)* is dense in A.
By construction A is then separable, as the ||-||  -closure of a countable set (of integrable
functions). Moreover every function in A is G-continuous and A separates the points of

X.

Step 1. Building the space and the measure. By theorem[2.28] we have the following
isometric *-isomorphism:
p A — Co(Sp(A))
a +— a
with @ being the evaluation on a. By separability of 4 and Proposition the space
Y := Sp(A) is locally compact Polish.
This time, we consider

T=AnLYX,N\).

It is immediate to check that Z is an ideal of A, and it contains D by construction. Since
T consists of integrable functions, A defines a positive linear functional

Uy : T — C
f — fod)\.

We then use p to get a positive linear functional ¥y o p=! : p(Z) — C. The ideal T is
||-|| .-dense in A, so by Proposition C.(Y) C p(Z), where C.(Y') denotes the space of
compactly supported continuous functions on Y. By Theorem restricting Uy o p*
to C.(Y) gives a unique Radon measure 7 on Y such that for all f € C.(Y),

!/;fdn==t[;p‘l(f)dk' 3)

Step 2. Borel embedding of X into Y. Consider the following map

o . X — Y
T —> evy

where ev;(a) = a(z). Since the algebra A separates the points of X, this map is injective.
Let us prove that it is also Borel. Sets of the form

{evz: levg(a) —evyy(a)| < e},

where zg € X, a € A and € > 0 form a subbasis for the topology of pointwise convergence
on Im(®). The preimage by ® of such a set is

{z € X: |a(z) — a(zo)| < €}

which is Borel since a is a Borel map. Therefore ® is Borel and injective.
In order to chek that ® is measure-preserving, i.e. that ®,\ = n, observe that for any
a € Aand z € X we have

pla) o ®(x) = pl(a)(evy) = evu(a) = a(z).

It follows that for a € Z and f = p(a) we have

/XadA:/Xp(a)ocbdA:/Yp(a)dq>*A:/deq>*A.
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On the other hand, if we further assume f € C.(Y'), Equation yields the following:

/X ad) = /Y p(a)dn = /Y Fdn.

We conclude that for all f € C.(Y), [, fd®.\ = [, fdn, which by uniqueness in Theorem
yields ®,.\ = 7 as wanted.

We now define the G-action & on £%°(X), which is the precomposition by the inverse:
a(g,a)(x) = a(a(g—t,x)). This allow us to define the desired G-action 3 on on Y = Sp(A)
by

B(g.y)(a) = y(a(g™", a)).

We easily check that it is a left action on Y: for any character y € Y and any two elements
g and h in G we have

Moreover, for y = ev, we have 5(g,y)(a) = ev.(a(g', a)) = a(a(g, ) = eva(gq (a), that
is to say that, ® is G-equivariant: ®(a(g,z)) = (g, ®(x)).

In order to conclude, we have to check that g is continuous and preserves 7. The fact
that it is measure-preserving is a direct consequence of the uniqueness in Theorem [2:24]
Indeed, 7 is G-invariant and for any function f in Z,

a T T) = alg .z x) = T ).
/X (9. /) (@)dA(x) /X f(a(g™, 2))dA(x) /X f(@)dA(z)

This means that G preserves the integral of elements of Z, and by this implies that
it preserves the integral of elements of C.(Y) (with regards to n). By uniqueness, the
pushforward of n by the action of any element of G is equal to 7. The G-action f is
therefore measure-preserving.

Finally, the continuity of 3 is obtained in the exact same way as in Step 4 of the proof
of Theorem [3.5] O

Remark 5.2. It is tempting to try to add the following third condition to the above
theorem:

(iii) There is a continuous G-action on a Polish space Y and a Borel injective map ® :
X =Y such that @\ is locally finite and ®(a(g, x)) = (g, ®(x)) for allx € X and
all g € G.

Clearly (i) implies (i), but we don’t know if the converse is true, although we suspect it
is not. As we will see in section the only examples of actions not satisfying (i) that
we have actually fail (7).

5.2 The case of locally compact groups

As in the previous section, we use the space £°(X) of all bounded Borel functions X — C,
endowed with the norm of uniform convergence | f||,, = sup,cx |f(z)|. We also use con-
volution as defined in Section 4.1} noting that the proof of Lemma yields the following
statement for everywhere defined functions.
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Lemma 5.3. Consider a locally compact Polish group G, and a spatial measure-preserving
action of G on a standard o-finite space (X, \). Let 6 : G — R be continuous of integral
1 and compactly supported. Then, for any f € L2(X) N LY (X, \), the function & x f is in
L°(X)NLYX,\) and is G-continuous. O

We can now prove Theorem [B] after first recalling its statement.

Theorem 5.4. Let G be a locally compact Polish group, and denote by o a spatial measure-
preserving G-action on a standard o-finite space (X, \). Then there exists a locally compact
Polish space Y endowed with a continuous action 8 and a Borel injection 6 : X — 'Y such
that the pushforward measure 6, is Radon and for all x € X and all g € G,

0(alg, x)) = B(g,0(x)).

Proof. By Item of Theorem we may as well assume that X is compact and « is
continuous (this is also a consequence of an earlier and easier result of Varadarajan, see
[Var63, Thm. 3.2]). We also denote by d a compatible metric on X and fix a sequence (x,)
enumerating a dense subset of X. By Theorem [5.1] it is sufficient to prove that there exists
a countable set D of G-continuous functions in £(X) N £!(X, ) that separates points.
We will construct this set D using convolution with regard to the Haar measure m on G.

We begin by choosing for every € > 0 an open neighborhood N of e in G such that
for all g € M; and all x € X we have d(a(g~!,z),z) < . Such a neighborhood exists by
continuity of « and compactness of X. We then fix a continuous function d; : G — R of
integral 1 with a compact support included in N;.

Let us fix n € N and € > 0, our first aim is to define countably many integrable
functions separating the points of the open ball B(zy,¢) from the points in X \ B(zy, 3¢).
By the choice of d., for any = € B(z,,¢) and any y € X \ B(x,, 3¢), we have

0e * L gz, 20)( /5 M B(e,,20) (g™ /5 ydm(g

. % e 00 (4) = /G 5-(9)L (e, 20 (g™, ) dm(g) =

However the above function dc * 1 (s, 2) could very well fail to be integrable. We therefore
set X = UgenXg, with \(Xy) =1 for any k, and define

An,k,e =X N B(a:n, 28),

(4)

so that 14, , . € LY(X, \), for any positive integer k, and hence . * 1a,,. € LY(X, ) for
all € > 0 by Lemma [5.3]

In order to obtain a countable set of functions, we enumerate Q¢ as Qo = {g;: i € N}.
We can finally define our countable set of functions:

N
D= {5&. * (ZM”’,&%) ci,n, N € N}.
k=0

By Lemmal5.3 we have D C £(X)NL! (X, \) and D only contains G-continuous functions.

We now prove that D separates the points of X. To this end, let x and y be in X
such that for all f € D we have f(z) = f(y). Fix ¢ and n in N. We have B(z,,2¢;) =

Llren An.k.e;» hence we have the pointwise convergence
Z]}‘Ankel N—s ]lB(xn,Zal)
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Therefore by dominated convergence (using J., as a dominating function) we have:

N N
o2, <Z ]lAn,k,ei> (z) = / be,(9) <Z ﬂAn,k,ei> (alg™", x))dm(g)
k=0 ¢

k=0

— Géa,- (DB 200 (alg ™ 2))dm(g) = b2, * Ly, 20, (2).

N—oo

The same holds for y, and thus we have

681' * ]J-B(mn,Qgi)(l‘) = 661‘ * ]lB(xn,Qel)(y)

By , the function 0, * 1p(y, 2,) takes the value 1 on B(xp,¢&;) and the value 0 on
X \ B(xn, 3e;), so the previous equality ensures that for any i,n € N, we can never have
simultaneously d(zy,x) < ¢; and d(xy,,y) > 3¢;. By density of (z,) and the fact that (&;)
takes arbitrarily small values, we have x = y, which concludes the proof. O

5.3 Local finiteness on X itself

We now present a nice consequence of Theorem which was pointed out to us by Nachi
Avraham-Re’em, allowing us to answer Question [2| positively when the acting group G is
locally compact Polish.

Corollary 5.5. Let G be a locally compact Polish group and o : G x X — X be a spatial
measure-preserving G-action on a standard o-finite space (X, \). Then there is a Polish
topology Tx on X inducing its standard Borel structure such that o is a continuous action
with respect to Tx and X s locally finite.

Proof. Identifying X to its image ®(X) via the map ® provided by Theorem |5.4] we can
assume that X is an a-invariant Borel subset of a locally compact Polish space (Y, 7y) on
which A extends to a Radon measure 7, that a extends to a continuous n-preserving action
B, and that the standard Borel structure on X is induced by the Borel o-algebra of 7y.
By |BK96, Thm. 5.1.5], there is a Polish topology 7y- on Y which refines 7y such that X
is T{,-open, [ is T{,-continuous and 7y, generates the same Borel o-algebra as 7y.

Let us denote by 7x the Polish topology induced by 75- on X and check that 7x is as
desired. First, since X is 7{-open and 74, is Polish, we have that 7x is Polish as well by
[Kec95, Thm. 3.11]. Moreover 7y and 7y- both induce the Borel o-algebra of Y, and since
7y induces the standard Borel space structure of X, so does 7x. Since j is 7¢,-continuous
and « is the restriction of 5 to X, « is 7x-continuous. Finally since 7 is locally finite, its
restriction A to X is locally finite for the topology induced by 7y on X, so A is locally
finite for the finer Polish topology 7x induced by 74, as well. O

In the above proof, we had to give up the local compactness of the ambient space Y,
and it it natural to aks whether this can be circumvented. We now observe that even for
countable discrete groups, local compactness of the standard Borel space onto which they
act may be impossible to obtain.

Proposition 5.6. There is a countable discrete group I' and a Borel measure-preserving
[-action on a standard o-finite space (X, \) such that X cannot be endowed with a locally
compact Polish topology so that the action becomes continuous.
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Proof. Consider, for every pair of rationals (¢, r) with > 0, the Borel involutive bijection
I, of the standard Borel space R\ Q given by: for all z € R\ Q,

x4+r ifzxe(qg—rq)
I (x)=¢ z—7r fzxe(qgq+7)
T otherwise.

Let I' be the group generated by all involutions I, ,, which is naturally acting on X = R\Q
in a Borel manner, we claim this is the action we seek. First, this action preserves the
measure A induced by the Lebesgue measure on R\ Q since it has the same orbits as the
measure-preserving Q-action by translation on R\ Q.

Now suppose by contradiction that 7 is a locally compact Polish topology such that
the T-action on X is continuous. For every pair (¢, r) of rationals with r > 0, notice that
the support of I, (which is by definition the set of points not fixed by I,,) is equal to
(g—7,g+7r)NR\ Q, and has to be 7-open by continuity of the I'-action. This shows
that 7 refines the topology induced by R on R\ Q. Since 7 is locally compact Polish, we
can write X = J,, K, where each K, is compact, and since 7 refines the Polish topology
of R\ Q, we deduce that R\ Q is o-compact, a contradiction since every compact subset
thereof has empty interior. O

Remark 5.7. The key property of the action of I' in the above proof is that the supports
generate some non locally compact Polish topology. Actions whose supports generate a
Hausdorff topology have to be totally non free, meaning that the map taking a point to
its stabilizer subgroup is injective. As observed by Vershik (see [Verl2, Sec. 2.3]), any two
totally non-free actions are abstractly isomorphic if and only if their stabilizer maps have
the same range. In particular, if we remove from the action of the theorem an additional
orbit Q 4 z, we obtain for every € R a Borel action oy on R\ (QU Q + z), and « is
abstractly isomorphic to «, if and only if they are equal (which is of course equivalent to
reQ+y).

This argument cannot work in the setup of free actions : all the orbits of free actions are
the same, and a Hilbert hotel argument shows that every free Borel action of a countable
group is Borel isomorphic to any of its restrictions to the the complement of countably
many orbits. We refer the reader to [FKSV23 Sec. 3.3] for some positive results on Borel
free actions of countable groups.

5.4 A counterexample when G = &,

Let us take G = S for the whole section. Our aim is to show that Theorem [A] is false
for such a group, in particular Theorem [5.4] that we just proved does not hold for such a
group as well.

The action « that we consider is the & .-action on X = {0, 1} by permutation of the
coordinates. Let us also fix a sequence (p,,) of weights, with p,, € 0, 1] for all n in N. We
also require that p,, # p,, for n # m, and that p, — % Consider the measures p,, defined
by :

pin = (prd1 + (1 _pn)50)®N>

and define the measure A on X by
A= Z L -

Let X, be the subspace of X consisting of sequences that take infinitely many times
the value 0, and infinitely many times the value 1. First note that &, acts transitively on
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Xoo. We have A(X \ Xo) = 0, as for any n in N we have pi,(X \ Xoo) = 0, and thus, up
to a null set, we can restrict to X

Each p, is a probability measure on X, so A is an infinite measure. We now verify that
A is o-finite. Indeed, the strong law of large numbers ensures us that if we define a family
(X,,) of Borel sets by

—1}: =1
Xn._{ € X: [tk € {0, m =1} 2 i — pn},

m m——+o0o

that is to say that X, is the set of the sequences of X with a proportion p,, of 1, then for
all n in N we have p,(X,,) = 1. We thus have

/\<X\ |_|Xn> =0
neN

The condition p,, # pm, for n # m, ensures us that the X,, are disjoint sets, and therefore
A is o-finite.

The following lemma provides an obstruction to having a continuous locally finite
model.

Lemma 5.8. Let N be a neighborhood of the identity in So, let x € Xoo. Then we have
A(a(N,z)) = +oc.

Proof. For every n let H,, denote the open subgroup of &, given by
H,={0€64:Vic{0, --n}, oi) =i}

Then the sequence (H,) is a neighborhood basis of the identity in S, so we can find
some Hp contained in our neighborhood N. For any xg in X, we have

O‘(HNvm):{yGXOO:ViE{Oa"'aN}7 ylz'xl}

tn(a(Hyo 7)) —> <;>NH.

so since p, — % we have

n—-+00

Therefore,

Na(Hy,2)) = 3 pn(a(Hy, 7)) = +o0,
neN

which concludes the proof. O

Remark 5.9. By continuity of the action, for any = in X, for any neighborhood V of x
there exists N in N such that a(Hy,x) C V. So by Lemma [5.8/ and the density of X, all
nonempty open subsets of X have infinite measure.

We have all the tools to show that Theorem [A] can fail badly for non locally compact
Polish groups.

Proposition 5.10. The spatial Soo-action o on (X, A) defined above cannot be spatially
isomorphic to a continuous action on a Polish space Y endowed with a locally finite measure

n.
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Proof. Suppose that we have a continuous action 5 on (Y, n) with 5 locally finite and Y
Polish, and that ® : Xg — Y is a spatial isomorphism between o and . Let us take some
x € Xp, then there is an open set U containing y such that n(U) < co. By continuity
of B, there exists a neighborhood of the identity N C G satisfying S(N,®(x)) C U.
However by Lemmal5.8 A(a(N,z)) = +oc. In particular, A(a(N, z) N X() = +oc. By the
equivariance condition satisfied by ®, the set (N, ®(z)) contains the infinite measure set
P (a(N,z) N Xp), so it has infinite measure, contradicting the fact that it is contained in
the finite measure set U. O

We now define a second &-action 3 as the action on ||, ({0, 1}, u,,) by permutation
of the coordinates, but this time in different distinct copies of {0, 1}". This will yield an
interesting infinite measure-preserving example of non spatial boolean isomorphism (see
Section for Tsankov’s example in the finite measure case).

Proposition 5.11. The two &u-actions o on ({0, 1}, X) and B on || ({0, 1}, u,) are
booleanly isomorphic, but not spatially isomorphic.

Proof. As X, denotes the p,-conull set of sequences with a proportion p, of coordinates
equal to 1, it is possible to send X, to a copy of itself in the n-th copy of {0, 1}V by defining

o: | | X, c{o, 1} — | | xu | [{0, 1}
neN neN neN
For a fixed permutation o, A\-almost any sequence z in X, = | |, X, satisfies z € X}, =
a(o,z) € X, and therefore ®(a(o,z)) = (o, P(x)) € ®(Xk). The actions a and 3 are
not spatially isomorphic however, as a only has one orbit in {0, 1}, but 3 cannot send an
element of ®(X,,) to ®(X,,) whenever n # m. O

Remark 5.12. More generally, by Proposition [5.10} & cannot admit a continuous Radon
model, so any boolean isomorphism between o and another continuous action on a space
endowed with a Radon measure cannot be a spatial isomorphism.

Remark 5.13. Similar ideas work for instance when G = Aut(Q, <), identifying N to Q
and replacing X, by the set of all sequences () € {0,1}© such that the set {¢ € Q: x, =
1} is both dense and codense in Q (meaning that for all rationals ¢; < ¢a there are ¢ and
¢’ in the interval (¢i1,¢g2) such that z; = 1 and zy = 0). Indeed, this new set has p,
measure 1, and a back-and-forth argument shows that it consists of a single Aut(Q, <)-
orbit. It would be nice to identify more precisely the class of non-archimedean groups for
which there exists a spatial infinite measure-preserving action which cannot be spatially
isomorphic to a continuous action on a locally finite Polish measured space.

The example we built in Proposition [5.11] is clearly non ergodic, hence the following
natural question.

Question 3. Does &, admit two ergodic infinite measure-preserving actions which are
booleanly isomorphic, but not spatially isomorphic?

6 Poisson point processes and Lévy groups

6.1 Construction of the Poisson point process

Let X be a Polish space, we can endow its space of closed subsets F(X) with the lower
Vietoris topology (also called lower semi-finite topology in [Mic51]), which is the second-
countable Ty topology generated by declaring, for every U C X open, that the set

Vo ={F e F(X): FnU # 0}
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is open. The associated Borel o-algebra is called the Effros o-algebra, and it turns F(X)
into a standard Borel space, see for instance [Che21l, Cor. 9.3].

Lemma 6.1. Let U C X. The function which takes F € F(X) to |UNF| is lower semi-
continuous if we endow F(X) with the lower Vietoris topology, in particular it is Borel.

Proof. Suppose |U N Fy| > k, then we find Uy,...,Uy, disjoint opens subsets of U such that
FyNU; is non empty, and this will be true of any F' € ﬂle Vu,, hence the result. O

Remark 6.2. In particular, the set of all F' € F(X) such that F N U is finite is Borel.

Let us now recall that the Poisson law of intensity 0 < A < oo is the probability measure
Pois* on N given by

)\k
AN

k!
and that its expected value is equal to A\. We also define the degenerate Poisson law of
intensity 0 as the Dirac measure at 0.

We now define on any Polish space endowed with an atomless locally finite Borel mea-
sure A\ the Poisson point process of intensity A as the probability measure whose exis-
tence and uniqueness are granted by the following elementary version of [ARR24, Thm. 3|.

Pois*({k}) = e

Theorem 6.3. Let A be a locally finite atomless Borel measure on a Polish space X. There
s a unique probability measure ]P’i( on F(X) such that for allU C X open of finite measure,
if the random variable F' has law Pf, then the random variable |F' N U| follows the Poisson
law of parameter A\(U).

Remark 6.4. The theorem does not yield what is usually called a Poisson point process
per se (see [ARR24], Def. 1.1]). In order to have one, we would need to further check that
for all A C X Borel, the map F € F(X) — |AN F| is P{-Lebesgue measurable, and that
it follows a Poisson law of parameter A\(A). Since we don’t need this stronger property, we
do not prove it and refer the reader to the proof of [ARR24, Thm. 3].

Proof. In order to see the uniqueness, we first remark that closed subsets of the form
Cu={F e F(X): FNU =0} = F(X)\ Vy form a w-system (because Cy, NCy, = Cu,uv>)
which generates the g-algebra. We can then compute the probability of C;; as follows.

e If \(U) is finite, then by construction Cyy has probability e=*(U),

e Otherwise, by local finiteness we may write U = |J,, U, where U,, C U, 41 and each
Uy, has finite measure. We thus have lim, A(U,) = A(U) = 400, moreover Cy is
contained in each Cy,,, which has probability e~ 2MUn) 5 0. We conclude that Cy has
probability 0.

By the monotone class theorem, this proves the uniqueness of the probability measure.

For the existence, let us first prove it when A\ is finite. In this case, we may as well
restrict ourselves to defining the measure on the subset Py(X) of finite subsets of X, which
is Borel by Lemma [6.1]

The map ® : Nx XN — P;(X) which takes (k, (2n)n>0) to {zn: n < k} is easily seen to
be continuous if we put on P(X) the topology induced by the lower Vietoris topology on
F(X), in particular it is Borel. Renormalize A to a probability measure A= ﬁ Endow
N x XN with the probability measure p = Pois™®) © AN, We claim that the pushforward
measure P, is the desired Poisson Point Process.
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In order to see this, first note that since A is atomless, p-almost all (k, (z,,)) satisfy
that x,, # x,, whenever n # m. It follows that given U C X open and [ € N, if for k > [
we denote by P;({0,...,k — 1}) the set of subsets of {0,...,k — 1} of cardinality I, the
event |F'NU| = [ has probability

X l k—1
earovi—n- 3y (MG 5 (GEEY (AR

k>l " KeP({0,..,k—1})

Letting x = A(X) and u = A(U), we rewrite this as

—x INEAW et e U@ —w)k
° Zm(z)“(x_“) =D 1k — 1)

k>l k>l

l

—Iu T—U

= e

_ Ul

=

Since u = A(U), our probability measure ®,u has the required distribution and hence the
existence is proven when A is a finite measure.

Let us now deal with the case where A is infinite. By local finiteness write X = J,, Vi
where each V,, is open of positive finite measure and satisfies V,, C V,, 1. Each V,, is Polish
for the induced topology, and if we denote by A, the restriction of A to V,,, what we have
done so far grants us a unique Borel probability measure IP’)‘\/" on Pr(V,) such that for all
U CV, open, if F has law IP’}\/" then the random variable |F' N U] has law Pois*Y).

For n € N, consider the continuous hence Borel map 7, : P¢(Vig1) — Pr(V4) which
maps F' to F'NV,. Form the projective limit

Y =1lim Py(Vy,) = {(Fn) € [[Pr(Va): VneN, F, = Fopy mvn},

neN

which is a Borel subset of the standard Borel space [[,, P¢(V,) by [Par05, Thm. V.2.5].

For every n € N, it is a straightforward consequence of uniqueness that wn*}P’f\/”“ =

Pf\/”, so by Kolmogorov’s consistency theorem (see e.g. [Par05, Thm. V.3.2]) we have a
unique Borel probability measure p on Y such that for all n € N, pp.pu = PY", where
Pn Y — Py(V,) is the projection on coordinate n.

Let us finally consider the map ¥ : Y — F(X) which takes (F,) to the increasing union
U,, Frn. First note that ¥ is well defined since | J,, F;, has finite intersection in each V;,, and
the V,,’s exhaust X so |J,, Fy is a discrete subset of X without accumulation points, hence
closed (and countable). Next, ¥ is a Borel (actually continuous) map since J,, F,, NU # ()
if and only if there exists n such that F, N (V, NU) # 0. We claim that P{ = ¥, pu is
the desired Poisson Point Process. Indeed, if U is an arbitrary open subset of X of finite
measure, we have that [FF'NU| = k if and only if there exists NV such that for all n > N,
|[FN(UNV,)| =k. For a fixed N, the event that for all n > N, |[FN(UNV,)| =k is the
intersection of a decreasing sequence of events which has probability

Awnv) AU N V)b 7/\(U))\(U)k

N > =k)= i ARG VA
Py (Vn>= N, [FN(UNV,)| =k) nll)rj_looe o e x

It follows that the event | N U| = k also has probability e=*U) ’\(,g!)k as wanted. O
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Remark 6.5. The proof of uniqueness is actually a version of Rényi’s theorem (see for
instance [LP17, Thm. 6.10]), namely it shows that IPi( is uniquely defined by the fact that
for every finite measure open subset U C X, we have

PX(FAU =0)=e ).

Remark 6.6. Since the measure is locally finite, P{-almost every F' € F(X) is locally
finite, that is to say that every point of F' admits a neighborhood whose intersection with
F' is a singleton.

6.2 Application to actions of Lévy groups

Definition 6.7. A sequence (X, dy,, my) of metric spaces with probability measure is a
Lévy family if it satisfies the following condition: if (A,) is a sequence of measurable
subsets of (X,) such that liminfm,(A,) > 0, then for any ¢ > 0, lim, m,((4y):) = 1,
where (Ap)e == {z € X,,: dn(x, A,) < €}

A Polish group G is a Lévy group if there is a sequence of compact subgroups (K,,)
with K, C K,11, such that J,, K, is dense in G, and such that the (K, m,), where m,
is the normalized Haar measure, is a Lévy family when equipped with a right-invariant
compatible metric d on G (the choice of such a d does not matter).

We refer the reader to [Pes06] for more about Lévy groups. Glasner, Tsirelson and
Weiss proved the following fundamental result.

Theorem 6.8 (|[GTWO05, Thm. 1.1]). Every measure-preserving spatial action of a Lévy
group G on a possibly atomic standard probability space (X, u) is trivial, i.e. the set of
fized points {x € X: Vg € G,g-x = x} is conull.

We obtain an analogous result for continuous actions of Lévy groups on Polish spaces
with a infinite atomless o-finite measure A, under the assumption that the measure is
locally finite. This result was first obtained by Avraham-Re’em and Roy, see [ARR24,
Thm. 5], and was stated in our introduction as Theorem [E]

Theorem 6.9. Every continuous measure-preserving spatial action of a Lévy group G on
a Polish space X endowed with a o-finite atomless locally finite measure X is trivial, i.e.
the set of fized points {x € X |Vg € G,g-x = x} is conull.

Proof. Suppose by contradiction that we have an action as above on (X, A), but that the
action is not trivial. Consider the standard Borel space F(X) endowed with the Poisson
Point Process on (X, \) of intensity A, that we denoted by P{. Then (F(X),PY) is a
standard probability space, and we now show that GG acts spatially on it.

Since every element of G defines a homeomorphism of X, it sends any closed subset of
X to a closed subset of X, and in particular G acts on F(X). Since g-Vy = V,-1y and G
acts by homeomorphism on X, we have that G acts by homeomorphisms on F(X) for the
lower Vietoris topology.

Let us show that this action is continuous for the lower Vietoris topology. Given U C X
open, we need to show that the set of couples (g, F) such that g- FNU # () is open. So
take (go, Fo) such that go- FoyNU # 0, then Fy ﬁgo_l U # (), then let z¢ € Foﬁgo_1 -U. In
particular go - « € U, so by continuity of the action of G on X, there is a neighborhood V'
of go and W of zg such that V- W C U. Consider the neighborhood V' x Vy of (go, Fp),
then any element (g, F') in the neighborhood V' x Vi of (go, Fo) satisfies F N W # (), and
hence g- FNg-W # (). Since g € v we have g- W C U, so we conclude that gF N U # ()
as wanted. In particular, the G-action on F(X) is Borel.
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This action preserves ]P’i{ by uniqueness. Indeed consider the random variable F' of law
Pi( , for any finite measure open subset U of X and any g in G we have

k
BY(F | = k) = 02

gt Mg O)F
k!

=P{(|[Fng ' Ul=k)

=PX(lg- FNU| = k).

Being a spatial measure-preserving action on a standard probability space, the G-action
on F(X) is trivial by Theorem We will now see why this cannot be.

We first claim that we can find an open subset U of X with 0 < A(U) < occand g € G
which satisfies U Ng-U = ). Indeed, since G acts continuously non-trivially on (X, \)
the set of non fixed points Xy := {x € X | dg € G,g - x # x} has positive measure. By
continuity of the G-action on X, for every x € Xy we find g, € G and an open subset
Uy € X such that U, N g, - U, = 0. By Lindelof’s theorem, the cover (Uy)gzex, admits
a countable subcover (Uy,)ien. Since A(Xp) > 0, we conclude that some U, satisfies
A(Uy,) > 0, and thus taking g = g, and U = U,,, we have A({U) >0 and UNg-U =0 as
desired.

Now remember that if C;y = {F € F(X): FNU = 0}, we have P (Cyy) = e ) < 1.
We then have

Py (Cu Mg+ Cu) =Py (Cu NCyry) = Py (Cyng-r.p) = e AU = PY(Cp)?,

so PX (CyNg-Cy) < PX(Cy), yielding the non-triviality of the action and thus the desired
contradiction. O

Remark 6.10. The hypothesis that A has no atoms is not important: if it does, then G
acts by permutation on these atoms, but the associated Bernoulli shift must be trivial by
the Glasner-Tsirelson-Weiss theorem, so G acts trivially on the atomic part of A.

7 The natural action of Aut(X, \) admits no spatial model

Whirly actions were introduced in the probability measure-preserving context by Glasner,
Tsirelson and Weiss, who showed such actions cannot have spatial models. In this last
section we record the natural extension of this definition to the infinite measure-preserving
setup, and show that whirly actions admit no spatial models. As an example, we prove
that the natural boolean action of Aut(X, A) is whirly and hence does not admit a spatial
model.

Definition 7.1 (JGTWO05, Sec. 3]). A boolean measure-preserving action « of a Polish
group G on (X, \) is whirly if for all sets A and B of positive measure, for every neigh-
borhood N of e, there exists a element g in N such that A(4 N a(g, B)) > 0.

Proposition 7.2. Let G = Aut(X, \). The natural boolean action of G on (X, \) is whirly.

Proof. Let A and B be two Borel subsets of X of positive measure, and fix ¢ > 0. We
consider Ag C A and By C B two disjoint Borel subsets, with A(A4g) = A(By) < £/2. We
define a element S of Aut(X, \) as follows:

STX\(AOUBO) = idX\(AoUBo)
S(Ao) = Bo
S(Byp) = Ao,
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and see that for € small, S is close to the identity on X, for the weak topology. This
concludes the proof, as A(AN SB) > 0. O

Let us now explain the link between whirly actions and G-continuity. We have the
following infinite measure version of [GTWO05, Prop. 3.3|. The proof is actually the same,
but we provide it for the reader’s convenience.

Proposition 7.3. Consider a boolean measure preserving action « of a Polish group G
on (X, \). If the action is whirly, then all G-continuous functions are constant. Moreover,
such an action cannot admit a spatial model.

Proof. We first explain why the existence of G-continuous non-constant functions taking
values in R contradicts the fact that the action is whirly. .

Let f be a G-continuous non-constant function taking values in R. There exists a <
b in R such that A := f71(] — 00,a]) and B := f~1(]b,+oo[) have positive measure.
By G-continuity, there exists a neighborhood N of eg such that any g in AN satisfies
Hf oa(gyt,) — fHOO < b—a. This implies that A(ANa(g, B)) = 0, contradicting the fact
that the action is whirly.

Now for a complex valued function, one simply has to consider the real and imaginary
parts, as they are G-continuous whenever f is. Assuming that f is non-constant implies
that at least one or the other is non-constant, thus implying that the action cannot be
whirly.

For the second part of the statement, suppose the action has a spatial model on (Y, 7).
By The Becker-Kechris theorem (Theorem , it is possible to assume that the G-action
on Y is continuous, with Y compact Polish. The support of 7 is closed, thus compact, call it
K. Since G acts continuously on Y, any function in C.(K) is G-continuous by Lemma
and thus any non-constant function in C(K) gives a non-constant G-continuous function,
a contradiction. O

Combining Propositions [7.2] and [7.3] we obtain the following.

Proposition 7.4. Let (X,)\) be a standard o-finite space. The natural boolean action of
Aut(X, \) on (X, \) cannot admit a spatial model.

Remark 7.5. As pointed out by the first referee, the above proposition can also be proven
using Glasner, Tsirelson and Weiss’ result which says that the natural boolean action
of the group of probability measure-preserving transformation Aut(X, u) does not have
spatial realizations [GTWO05, Sect. 3|. Indeed, assume the natural Aut(X,A) boolean
action on (X, \) admits a spatial model. By Remarkwe find a Borel measure-preserving
Aut(X, M)-action « on (X, ) which induces its natural boolean action. Let X be a Borel
subset of measure 1 and consider the group G of all elements of Aut(X, ) whose support
is contained in Xy. Denote by p the probability measure which is 0 outside of Xy and
coincides with A on Xy. Observe that G naturally identifies to Aut(X, p) and that under
this identification, a¢ is a spatial realization of the natural boolean action of Aut(X, p),
a contradiction.

Remark 7.6. Theorem applies to Aut(X, \) when \ is locally finite and the action is
continuous. Indeed, Giordano and Pestov have proved in [GP07, Thm. 4.2] that Aut(X, \)
is a Lévy group when endowed with its weak topology. However, Proposition [7.4] does not
follow from Theorem [6.9] as it does not require any topological conditions on the spatial
model.
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