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Ergodic theory

-Relies on measure theory

-Comes from statistical mechan-

ics (Boltzmann, 1871)

-Study of measures that are

invariant under a transformation
P -Long-term measure theoretic be-

u haviour of the space?

Remark: For any fixed parame-
ters of the translation T (angle
and length), applying powers of T
yields a Z-action on the space.
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Dynamical systems Ergodic theory

-How things evolve over time -Relies on measure theory

-Very disparate systems (climate, -Comes from statistical mechan-

movements, quantities...) ics (Boltzmann, 1871)

-Uses tools and methods from a -Study of measures that are

lot of fields invariant under a transformation

-Notion of group / group action -Long-term measure theoretic be-
haviour of the space?

Goal: Generalizing techniques from these fields to
actions of more general groups.
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First generalization

Extending the “classical ergodic theory” that studies Z-actions to actions
of some uncountable groups.

Fabien Hoareau On oo-mp actions of Polish groups



T
/@\\




mw

. &J/))))) )




Introduction and context

Second generalization

Extending the context of probability measure-preserving (pmp) actions to
actions preserving an infinite measure (co-mp).
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General framework

(X, p) will be a standard probability space, i.e. (X, u) =~ ([0,1], Leb).
(X, A) will be a standard o-finite space, i.e. (X, ) ~ (R, Leb).

Definition

A Polish group G is a topological group (G,7¢) (i.e. g — g~ ! and

(g, h) — gh are continuous) such that 7¢ is separable and completely
metrizable.

@ Any countable group .

@ Any locally compact second countable group.

@ The group &, of all permutations of N.

A
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Notation: T,v = v means that VA C X : v(T~1(A)) = v(A)
Aut(X,v) ={T : X — X | T Borel bijection such that T.v =v}/ ~,

Definition
A co-mp action (resp. pmp action) of G on (X, \) (resp. (X, p)) is a
Borel map

GxX — X

(&,x) +— ofg,x)

Fabien Hoareau On oco-mp actions of Polish groups



Introduction and context

General framework

What does it mean that "G acts on (X,v)"? (v will be either u or \)
Notation: T,v = v means that VA C X : v(T~1(A)) = v(A)
Aut(X,v) ={T : X — X | T Borel bijection such that T.v =v}/ ~,

Definition
A co-mp action (resp. pmp action) of G on (X, \) (resp. (X, p)) is a
Borel map

GxX — X

(g,x) — alg;x)
satisfying
o Vx e X :a(eg, x)=x
o Vx e X,Vh ge G: a(h a(g,x)) = alhg, x)

Fabien Hoareau On oco-mp actions of Polish groups



Introduction and context

General framework

What does it mean that "G acts on (X,v)"? (v will be either u or \)
Notation: T,v = v means that VA C X : v(T~1(A)) = v(A)
Aut(X,v) ={T : X — X | T Borel bijection such that T.v =v}/ ~,

Definition
A co-mp action (resp. pmp action) of G on (X, \) (resp. (X, p)) is a
Borel map
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satisfying
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General framework

What does it mean that "G acts on (X,v)"? (v will be either u or \)
Notation: T,v = v means that VA C X : v(T~1(A)) = v(A)
Aut(X,v) ={T : X — X | T Borel bijection such that T.v =v}/ ~,

Definition
A co-mp action (resp. pmp action) of G on (X, \) (resp. (X, p)) is a
Borel map

GxX — X

(g,x) — alg;x)
satisfying
o Vx e X :a(eg, x)=x
o Vx e X,Vh ge G: a(h a(g,x)) = alhg, x)
e VgeG:alg,-)eAut(X,\) (resp. a(g,-) € Aut(X, p)).

Question: Can we “classify” the orbit structure of these G-actions?
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: Borel atomless probability measure on X

X
I
@ ) : Borel atomless o-finite infinite measure on X
v : can be either p or A

G

. Polish group
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@ 1 : Borel atomless probability measure on X

@ )\ : Borel atomless o-finite infinite measure on X
@ v : can be either por A

e G : Polish group
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Introduction and context

Notations

@ X : standard Borel space

@ 1 : Borel atomless probability measure on X

@ ) : Borel atomless o-finite infinite measure on X
@ v : can be either por A

e G : Polish group
@ [ : countable group

@ « and 3 : group actions (sometimes denoted simply by -)
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Orbit full groups and topological embeddings

OE for pmp actions of countable groups

Definition

Two actions « and 3 of two countable groups I and A respectively on
(X, p) are orbit equivalent (denoted by OE) if there exists an element
S € Aut(X, u) such that for y-a.e. x € X we have

5(a(T, x)) = B(A, 5(x)).
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Two actions « and 3 of two countable groups I and A respectively on
(X, p) are orbit equivalent (denoted by OE) if there exists an element
S € Aut(X, p) such that for y-a.e. x € X we have
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Dye proved the following for pmp group actions...

Theorem (Dye 1959)
All the ergodic pmp actions of 7 are OE. J
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Orbit full groups and topological embeddings
OE for pmp actions of countable groups

Definition

Two actions « and 3 of two countable groups I and A respectively on
(X, ) are orbit equivalent (denoted by OE) if there exists an element
S € Aut(X, p) such that for y-a.e. x € X we have

5(a(T, x)) = B(A, 5(x)).

Dye proved the following for pmp group actions...

Theorem (Dye 1959)
All the ergodic pmp actions of 7 are OE. J

...and Ornstein and Weiss gave the following generalization.

Theorem (Ornstein—Weiss 1980)

Any two ergodic pmp actions of any two countable infinite amenable
groups are OE.
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Orbit full groups and topological embeddings

Full groups

Definition

An element T in Aut(X,v) is obtained by cutting and pasting a
sequence (T,) if there exists a countable partition (A,) of X such that
for all nin N we have T, = Tpha,-
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An element T in Aut(X,v) is obtained by cutting and pasting a
sequence (T,) if there exists a countable partition (A,) of X such that
for all nin N we have T, = Tpha,-

Cutting and pasting in Aut(X, u):
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An element T in Aut(X,v) is obtained by cutting and pasting a
sequence (T,) if there exists a countable partition (A,) of X such that
for all nin N we have T, = Tpha,-
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Full groups

Definition

An element T in Aut(X,v) is obtained by cutting and pasting a
sequence (T,) if there exists a countable partition (A,) of X such that
for all nin N we have T, = Tpha,-

Cutting and pasting in Aut(X, u):

Ay Ay As Ay As
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Orbit full groups and topological embeddings

Full groups

Definition

An element T in Aut(X,v) is obtained by cutting and pasting a
sequence (T,) if there exists a countable partition (A,) of X such that
for all nin N we have T, = Tpha,-

Cutting and pasting in Aut(X, u):

Ay Ay As Ay As
0, 1]

[0, 1]
Ti(A1) Tu(As) T3(A2) T3(As)
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Orbit full groups and topological embeddings

Full groups

Definition

An element T in Aut(X,v) is obtained by cutting and pasting a
sequence (T,) if there exists a countable partition (A,) of X such that
for all nin N we have T, = Tpha,-

Cutting and pasting in Aut(X, u):

Ay Ay As Ay As
0, 1]

[0, 1]
Ti(A1) Tu(As) T3(A2) T3(As) T5(As)
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Orbit full groups and topological embeddings

Full groups

Definition

An element T in Aut(X,v) is obtained by cutting and pasting a
sequence (T,) if there exists a countable partition (A,) of X such that
for all nin N we have T, = Tpha,-

Cutting and pasting in Aut(X, \):
Ay Apn Apy2

\

T2 (Ars2) Ti(Ar)

R

A

N
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Orbit full groups and topological embeddings

Full groups

Definition

A subgroup G of Aut(X,v) is a full group if it is stable under the
operation of cutting and pasting any sequence of elements of G.
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Full groups

Definition

A subgroup G of Aut(X,v) is a full group if it is stable under the
operation of cutting and pasting any sequence of elements of G.

Notation: Given a G-action on X, define the equivalence relation R¢
by: (x,y) E Re<=y <€ G-x.
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Full groups

Definition

A subgroup G of Aut(X,v) is a full group if it is stable under the
operation of cutting and pasting any sequence of elements of G.

Notation: Given a G-action on X, define the equivalence relation R¢
by: (x,y) E Re<=y <€ G-x.

Definition

The orbit full group associated with the action of a Polish group G on a
standard measured space is the group

[Re] ={T € Aut(X,v) | (x, T(x)) € R¢ for almost all x € X}.
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Full groups

Definition

A subgroup G of Aut(X,v) is a full group if it is stable under the
operation of cutting and pasting any sequence of elements of G.

Notation: Given a G-action on X, define the equivalence relation R¢
by: (x,y) € R¢ <=y € G- x.

Definition

The orbit full group associated with the action of a Polish group G on a
standard measured space is the group

[Re] ={T € Aut(X,v) | (x, T(x)) € R¢ for almost all x € X}.
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Orbit full groups and topological embeddings
Full groups

Definition

A subgroup G of Aut(X,v) is a full group if it is stable under the
operation of cutting and pasting any sequence of elements of G.

Notation: Given a G-action on X, define the equivalence relation R¢
by: (x,y) € R¢ <=y € G- x.

Definition

The orbit full group associated with the action of a Polish group G on a
standard measured space is the group

[Re] ={T € Aut(X,v) | (x, T(x)) € R¢ for almost all x € X}.

@ For the transitive action of G = S on itself, [Rg] = Aut(X, ).

\,
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Orbit full groups and topological embeddings
Full groups

Definition

A subgroup G of Aut(X,v) is a full group if it is stable under the
operation of cutting and pasting any sequence of elements of G.

Notation: Given a G-action on X, define the equivalence relation R¢
by: (x,y) € R¢ <=y € G- x.

Definition

The orbit full group associated with the action of a Polish group G on a
standard measured space is the group

[Re] ={T € Aut(X,v) | (x, T(x)) € R¢ for almost all x € X}.

@ For the transitive action of G = S on itself, [Rg] = Aut(X, ).
@ For the transitive action of G = R on itself, [R¢g] = Aut(X, ).
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Orbit full groups and topological embeddings
Full groups

Definition

A subgroup G of Aut(X,v) is a full group if it is stable under the
operation of cutting and pasting any sequence of elements of G.

Notation: Given a G-action on X, define the equivalence relation R¢
by: (x,y) € R¢ <=y € G- x.

Definition

The orbit full group associated with the action of a Polish group G on a
standard measured space is the group

[Re] ={T € Aut(X,v) | (x, T(x)) € R¢ for almost all x € X}.

@ For the transitive action of G = S on itself, [Rg] = Aut(X, ).
@ For the transitive action of G = R on itself, [R¢g] = Aut(X, ).
@ For an ergodic Z-action on (X, v), [Rz] = [Ruyp] < Aut(X,v).

\,
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Orbit full groups and topological embeddings

Definition

G < Aut(X,v) is ergodic if for every A C X such that v(T(A)AA) =0
for every T in G, we have that A is either null or conull.
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Orbit full groups and topological embeddings

Definition

G < Aut(X,v) is ergodic if for every A C X such that v(T(A)AA) =0
for every T in G, we have that A is either null or conull.

Theorem (Dye's Reconstruction Theorem, 1963)

Let G and H be two ergodic full groups on a standard probability space
(X, ). Then any isomorphism between G and H is the conjugation by
some measure-preserving bijection.
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Orbit full groups and topological embeddings

Definition

G < Aut(X,v) is ergodic if for every A C X such that v(T(A)AA) =0
for every T in G, we have that A is either null or conull.

Theorem (Dye's Reconstruction Theorem, 1963)

Let G and H be two ergodic full groups on a standard probability space
(X, ). Then any isomorphism between G and H is the conjugation by
some measure-preserving bijection.

In other words, for any group isomorphism 1) : G — H, there exists S in
Aut(X, u) such that for all T € G, we have )(T) = STS L.
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Orbit full groups and topological embeddings

Back to OE

Definition

We say that two co-mp (resp. pmp) actions of two Polish groups G and
H are orbit equivalent if there exists a conull subset Xy C X and a
Borel bijection S : Xy — Xo which verify the following:
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Back to OE

Definition

We say that two co-mp (resp. pmp) actions of two Polish groups G and
H are orbit equivalent if there exists a conull subset Xy C X and a
Borel bijection S : Xy — Xo which verify the following:

© S preserves A up to multiplication by an element of R (resp. p);

Fabien Hoareau On oo-mp actions of Polish groups



Orbit full groups and topological embeddings

Back to OE

Definition
We say that two co-mp (resp. pmp) actions of two Polish groups G and

H are orbit equivalent if there exists a conull subset Xy C X and a
Borel bijection S : Xy — Xo which verify the following:

© S preserves A up to multiplication by an element of R (resp. p);
@ for all (x,y) € Xo X Xp, we have (x,y) € R¢ < (S(x),S(y)) € Rnu.

A
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Orbit full groups and topological embeddings

Back to OE

Definition

We say that two co-mp (resp. pmp) actions of two Polish groups G and
H are orbit equivalent if there exists a conull subset Xy C X and a
Borel bijection S : Xy — Xo which verify the following:

© S preserves A up to multiplication by an element of R (resp. p);
@ for all (x,y) € Xo X Xp, we have (x,y) € R¢ < (S(x),S(y)) € Rnu.
We also say that S is an orbit equivalence between R and Ry.

A
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Orbit full groups and topological embeddings

A non-trivial example

A method for constructing co-mp ergodic Z-actions:
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A non-trivial example

A method for constructing co-mp ergodic Z-actions:

Xl ~ [0, 1]
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A non-trivial example

A method for constructing co-mp ergodic Z-actions:

N X =~ [0,1]
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A non-trivial example

A method for constructing co-mp ergodic Z-actions:

Fabien Hoareau On oo-mp actions of Polish groups



Orbit full groups and topological embeddings

A non-trivial example

A method for constructing co-mp ergodic Z-actions:
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A non-trivial example

A method for constructing co-mp ergodic Z-actions:
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A non-trivial example
A method for constructing co-mp ergodic Z-actions:
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A non-trivial example

A method for constructing co-mp ergodic Z-actions:
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A non-trivial example

A method for constructing co-mp ergodic Z-actions:
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Orbit full groups and topological embeddings

A non-trivial example

Fact: In the previous construction, if T is ergodic on Xi, then the new
bijection is ergodic on Y = |_|:§<1> X, x {n} endowed with the product
measure of the Lebesgue measure and the counting measure.
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Orbit full groups and topological embeddings

A non-trivial example

Fact: In the previous construction, if T is ergodic on Xi, then the new
bijection is ergodic on Y = [_|:§<1> X, x {n} endowed with the product
measure of the Lebesgue measure and the counting measure.

— We can construct co-mp ergodic Z-actions.
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Orbit full groups and topological embeddings

A non-trivial example

Fact: From the classical construction of a suspension flow under a
function, we can induce an co-mp ergodic R-action from the co-mp
ergodic Z-action.
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Orbit full groups and topological embeddings

A non-trivial example

Fact: From the classical construction of a suspension flow under a
function, we can induce an co-mp ergodic R-action from the co-mp
ergodic Z-action.

(T@),0) ./ (¥,0)
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Orbit full groups and topological embeddings

A non-trivial example

Fact: From the classical construction of a suspension flow under a
function, we can induce an co-mp ergodic R-action from the co-mp
ergodic Z-action.

(T@),0) ./ (¥,0)

— We can construct co-mp ergodic R-actions, that are not transitive.
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Orbit full groups and topological embeddings

Theorem (H. 2026+)

Let G and H be two locally compact Polish groups acting in a co-mp
ergodic manner on (X, ). Let ¢ : [R¢] — [RH] be a group
isomorphism.
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Orbit full groups and topological embeddings

Theorem (H. 2026+)

Let G and H be two locally compact Polish groups acting in a co-mp
ergodic manner on (X, ). Let ¢ : [R¢] — [RH] be a group
isomorphism. Then there exists an orbit equivalence S between R¢ and
Ry, such that 1 is the conjugation by S, i.e. for all T € [R¢g] we have

Y(T)=STS™! € [Ry].
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Orbit full groups and topological embeddings

Theorem (H. 2026+)

Let G and H be two locally compact Polish groups acting in a co-mp
ergodic manner on (X, ). Let ¢ : [R¢] — [RH] be a group
isomorphism. Then there exists an orbit equivalence S between R¢ and
Ry, such that 1 is the conjugation by S, i.e. for all T € [R¢g] we have

Y(T)=STS™! € [Ry].

In order to adapt the result, we rely heavily on a generalization of Dye's
Reconstruction Theorem, namely Fremlin's Reconstruction Theorem.
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Orbit full groups and topological embeddings

Theorem

o Full groups of pmp ergodic actions of countable groups on (X, 1)
are complete invariants of OE. (Dye)
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Orbit full groups and topological embeddings

Theorem

o Full groups of pmp ergodic actions of countable groups on (X, 1)
are complete invariants of OE. (Dye)

o Full groups of pmp ergodic actions of locally compact Polish groups
on (X, u) are complete invariants of OE. (Carderi-Le Maitre)
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Orbit full groups and topological embeddings

Theorem
o Full groups of pmp ergodic actions of countable groups on (X, 1)
are complete invariants of OE. (Dye)
o Full groups of pmp ergodic actions of locally compact Polish groups
on (X, u) are complete invariants of OE. (Carderi-Le Maitre)
o Full group of co-mp ergodic actions of locally compact Polish groups
on (X, \) are complete invariants of OE. (H.)

v
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Orbit full groups and topological embeddings

Topologies on full groups

The weak topology 7,, makes Aut(X,v) a Polish group.
(T, — T weakly if v(T,(A)AT(A)) — 0 (VA,v(A) < 00))
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Orbit full groups and topological embeddings

Topologies on full groups

The weak topology 7,, makes Aut(X,v) a Polish group.
(T, — T weakly if v(T,(A)AT(A)) — 0 (VA,v(A) < 00))

The uniform topology 7, makes [Rr] < Aut(X,v) a Polish group.
(Th — T uniformly if v({x € A| Tp(x) # T(x)}) = 0 (VA v(A) < x0))

What about more general orbit full groups [R¢]?
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Orbit full groups and topological embeddings
Topologies on full groups

The weak topology 7,, makes Aut(X,v) a Polish group.
(T, — T weakly if v(T,(A)AT(A)) — 0 (VA,v(A) < 00))

The uniform topology 7, makes [Rr] < Aut(X,v) a Polish group.
(Th — T uniformly if v({x € A| Tp(x) # T(x)}) = 0 (VA v(A) < x0))

What about more general orbit full groups [R¢]?

Theorem (Carderi-Le Maitre 2016)

Let G be a Polish group acting in a pmp way on (X, ). There exists a
topology called the topology of orbital convergence in measure that
makes [R¢] < Aut(X, n) a Polish group.
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Orbit full groups and topological embeddings
Topologies on full groups

The weak topology 7,, makes Aut(X,v) a Polish group.
(T, — T weakly if v(T,(A)AT(A)) — 0 (VA,v(A) < 00))

The uniform topology 7, makes [Rr] < Aut(X,v) a Polish group.
(Th — T uniformly if v({x € A| Tp(x) # T(x)}) = 0 (VA v(A) < x0))

What about more general orbit full groups [R¢]?

Theorem (Carderi-Le Maitre 2016)

Let G be a Polish group acting in a pmp way on (X, ). There exists a
topology called the topology of orbital convergence in measure that
makes [R¢] < Aut(X, n) a Polish group.

Is there a topology that makes [R¢] < Aut(X, \) a Polish group?
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Orbit full groups and topological embeddings

Sketch of proof

Denote LO(X, u, Z) = {f : X — Z | f is Lebesgue-measurable} / ~ . It
is endowed with a topology 7, (the topology of convergence in measure).
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Orbit full groups and topological embeddings
Sketch of proof

Denote LO(X, u, Z) = {f : X — Z | f is Lebesgue-measurable} / ~ . It
is endowed with a topology 7, (the topology of convergence in measure).

LO(Xau'a G) — LO(Xa/J’7X)

©: f — (x> f(x) - x)
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Orbit full groups and topological embeddings
Sketch of proof

Denote LO(X, u, Z) = {f : X — Z | f is Lebesgue-measurable} / ~ . It
is endowed with a topology 7, (the topology of convergence in measure).

LO(Xau'a G) — LO(X7/J’7X)

©: f — (x> f(x) - x)

Fact (Moore): The group L°(X, i, G) is a Polish group.
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Orbit full groups and topological embeddings
Sketch of proof

Denote LO(X, u, Z) = {f : X — Z | f is Lebesgue-measurable} / ~ . It
is endowed with a topology 7, (the topology of convergence in measure).

LO(Xau'a G) — LO(X7/J’7X)

©: f — (x> f(x) - x)

Fact (Moore): The group L°(X, i, G) is a Polish group.

Make G ~ X continuous (for a compatible Polish topology on X) and
check that © is continuous.
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Orbit full groups and topological embeddings
Sketch of proof

Denote LO(X, u, Z) = {f : X — Z | f is Lebesgue-measurable} / ~ . It
is endowed with a topology 7, (the topology of convergence in measure).

LO(Xau'a G) — LO(X7/J’7X)

©: f — (x> f(x) - x)

Fact (Moore): The group L°(X, i, G) is a Polish group.

Make G ~ X continuous (for a compatible Polish topology on X) and
check that © is continuous.

Check that (Aut(X, ), 7w) topologically embeds into (LO(X, i, X), 7).
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Orbit full groups and topological embeddings
Sketch of proof

Denote LO(X, u, Z) = {f : X — Z | f is Lebesgue-measurable} / ~ . It
is endowed with a topology 7, (the topology of convergence in measure).

LO(Xau'a G) — LO(X7:U7X)

©: f — (x> f(x) - x)

Fact (Moore): The group L°(X, i, G) is a Polish group.

Make G ~ X continuous (for a compatible Polish topology on X) and
check that © is continuous.

Check that (Aut(X, ), 7w) topologically embeds into (LO(X, i, X), 7).

Define [Rg] = ©~1(Aut(X, x)).
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Orbit full groups and topological embeddings
Sketch of proof

Denote LO(X, u, Z) = {f : X — Z | f is Lebesgue-measurable} / ~ . It
is endowed with a topology 7, (the topology of convergence in measure).

LO(Xau'a G) — LO(X7:U7X)

©: f — (x> f(x) - x)

Fact (Moore): The group L°(X, i, G) is a Polish group.

Make G ~ X continuous (for a compatible Polish topology on X) and
check that © is continuous.

Check that (Aut(X, ), 7w) topologically embeds into (LO(X, i, X), 7).
Define [R¢] = ©~1(Aut(X, ).

Check that [R¢] ~ [/7_?,\5/]/Ker(@) is a Polish group. The resulting
topology is the topology of orbital convergence in measure.
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Orbit full groups and topological embeddings
Sketch of proof

Denote LO(X, u, Z) = {f : X — Z | f is Lebesgue-measurable} / ~ . It
is endowed with a topology 7, (the topology of convergence in measure).

LO(Xau'a G) — LO(X7:U7X)

©: f — (x> f(x) - x)

Fact (Moore): The group L°(X, i, G) is a Polish group.

Make G ~ X continuous (for a compatible Polish topology on X) and
check that © is continuous.

Check that (Aut(X, ), 7w) topologically embeds into (LO(X, 1, X), 7).
Define [R¢] = ©~1(Aut(X, u)).

Check that [R¢] ~ [/7_?,\5/]/Ker(@) is a Polish group. The resulting
topology is the topology of orbital convergence in measure.
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Orbit full groups and topological embeddings
Sketch of proof

Denote LO(X, u, Z) = {f : X — Z | f is Lebesgue-measurable} / ~ . It
is endowed with a topology 7, (the topology of convergence in measure).

LO(Xau'a G) — LO(X7/J’7X)

©: f — (x> f(x) - x)

Fact (Moore): The group L°(X, i, G) is a Polish group.

Make G ~ X continuous (for a compatible Polish topology on X) and
check that © is continuous.

Check that (Aut(X, ), 7w) topologically embeds into (LO(X, 1, X), 7).
Define [R¢] = ©~1(Aut(X, u)).

Check that [R¢] ~ [/7_?,\5/]/Ker(@) is a Polish group. The resulting
topology is the topology of orbital convergence in measure.
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Orbit full groups and topological embeddings
Sketch of proof

Denote LO(X, u, Z) = {f : X — Z | f is Lebesgue-measurable} / ~ . It
is endowed with a topology 7, (the topology of convergence in measure).

LO(Xau'a G) — LO(X7/J’7X)

©: f — (x> f(x) - x)

Fact (Moore): The group L°(X, i, G) is a Polish group.

Make G ~ X continuous (for a compatible Polish topology on X) and
check that © is continuous.

Check that (Aut(X, i), 7 ) topologically embeds into (LO(X, 11, X), 7).
Define [R¢] = ©~1(Aut(X, u)).

Check that [R¢] ~ [/7_?,\5/]/Ker(@) is a Polish group. The resulting
topology is the topology of orbital convergence in measure.

Fabien Hoareau On oo-mp actions of Polish groups



Orbit full groups and topological embeddings

Problems for generalizing to Aut(X, \)

Make G ~ X continuous (for a compatible Polish topology on X).

Check that (Aut(X, 1), 7 ) topologically embeds into (LO(X, 11, X), 7).
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Orbit full groups and topological embeddings

Problems for generalizing to Aut(X, \)

Make G ~ X continuous (for a compatible Polish topology on X).

Theorem (Becker—Kechris 1993)

alg, -
Let o be a Borel G-action on X. There exists a X g X
compact Polish space K with a continuous G-action
B on K and a Borel injection ® : X — K which is ® ®
G-equivariant: for all x € X, g € G, B(g,)
—
9(alg. x)) = Alg, 9(x)). K K

v

Check that (Aut(X, i), 7 ) topologically embeds into (LO(X, 11, X), 7).
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Orbit full groups and topological embeddings

Problems for generalizing to Aut(X, \)

Make G ~ X continuous (for a compatible Polish topology on X).

Theorem (Becker—Kechris 1993)

alg, -
Let o be a Borel G-action on X. There exists a X g X
compact Polish space K with a continuous G-action
B on K and a Borel injection ® : X — K which is ® ®
G-equivariant: for all x € X, g € G, B(g,)
9(alg. ) = Alg. P(x). K —— K

v

Check that (Aut(X, i), 7 ) topologically embeds into (LO(X, 11, X), 7).
Proposition
Let X be endowed with a compatible Polish topology Tx.

o (Aut(X,p),7w) = (LO(X, i, X), Tm) is a topological embedding.
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Orbit full groups and topological embeddings

Problems for generalizing to Aut(X, \)

Make G ~ X continuous (for a compatible Polish topology on X).

Theorem (Becker—Kechris 1993)

alg, -
Let o be a Borel G-action on X. There exists a X g X
compact Polish space K with a continuous G-action
B on K and a Borel injection ® : X — K which is ® ®
G-equivariant: for all x € X, g € G, B(g,)
9(alg. ) = Alg. P(x). K —— K

v

Check that (Aut(X, i), 7 ) topologically embeds into (LO(X, 11, X), 7).
Proposition
Let X be endowed with a compatible Polish topology Tx.

o (Aut(X,p),7w) = (LO(X, i, X), Tm) is a topological embedding.

o (Aut(X,\),7w) = (L°%X, )\, X),7m) is a topological embedding
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Orbit full groups and topological embeddings

Problems for generalizing to Aut(X, \)

Make G ~ X continuous (for a compatible Polish topology on X).

Theorem (Becker—Kechris 1993)

alg, -
Let o be a Borel G-action on X. There exists a X g X
compact Polish space K with a continuous G-action
B on K and a Borel injection ® : X — K which is ® ®
G-equivariant: for all x € X, g € G, B(g,)
9(alg. ) = Alg. P(x). K —— K

v

Check that (Aut(X, i), 7 ) topologically embeds into (LO(X, 11, X), 7).
Proposition
Let X be endowed with a compatible Polish topology Tx.

o (Aut(X,p),7w) = (LO(X, i, X), Tm) is a topological embedding.

o (Aut(X,\),7w) = (L°%X, )\, X),7m) is a topological embedding
under the condition that X\ is locally finite with regard to Tx.
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Orbit full groups and topological embeddings

Local finiteness

Definition

Let A be a Borel measure on a Polish space X. We say that X is locally
finite if every x € X has an open neighborhood U such that A(U) < cc.
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Orbit full groups and topological embeddings
Local finiteness

Definition

Let A be a Borel measure on a Polish space X. We say that X is locally
finite if every x € X has an open neighborhood U such that A(U) < cc.

Proposition

Let X be a locally compact Polish space, let A be a Borel measure on X.
Then X is Radon if and only if it is locally finite.
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Orbit full groups and topological embeddings
Local finiteness

Definition

Let A be a Borel measure on a Polish space X. We say that X is locally
finite if every x € X has an open neighborhood U such that A(U) < cc.

Proposition

Let X be a locally compact Polish space, let A be a Borel measure on X.
Then X is Radon if and only if it is locally finite.

Question: Can we make co-mp G-actions on (X, \) continuous, with a
compatible topology 7x such that A is locally finite on (X, 7x)?
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Locally finite models for co-mp actions

© Locally finite models for co-mp actions
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Locally finite models for co-mp actions

Theorem (Becker—Kechris 1993)

Let « be a Borel G-action on X. There exists a compact Polish space K

with a continuous G-action 3 on K and a Borel G-equivariant injection
X = K.
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Locally finite models for co-mp actions

Theorem (Becker—Kechris 1993)

Let « be a Borel G-action on X. There exists a compact Polish space K
with a continuous G-action 3 on K and a Borel G-equivariant injection
d: X — K.

Theorem (H.—Le Maitre 2026)

Let o be a co-mp action of a locally compact Polish group G on (X, \).
There is a continuous measure-preserving G-action 8 on a locally
compact Polish space Y and a Borel G-equivariant injection ® : X — Y
such that the pushforward measure .\ is a Radon measure on Y.
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Locally finite models for co-mp actions

Theorem (Becker—Kechris 1993)

Let « be a Borel G-action on X. There exists a compact Polish space K

with a continuous G-action 3 on K and a Borel G-equivariant injection
X = K.

Theorem (H.—Le Maitre 2026)

Let o be a co-mp action of a locally compact Polish group G on (X, \).
There is a continuous measure-preserving G-action 8 on a locally
compact Polish space Y and a Borel G-equivariant injection ® : X — Y
such that the pushforward measure .\ is a Radon measure on Y.

We say that o admits a continuous Radon model.
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Locally finite models for co-mp actions

Theorem (Becker—Kechris 1993)

Let « be a Borel G-action on X. There exists a compact Polish space K

with a continuous G-action 3 on K and a Borel G-equivariant injection
X = K.

Theorem (H.—Le Maitre 2026)

Let o be a co-mp action of a locally compact Polish group G on (X, \).
There is a continuous measure-preserving G-action 8 on a locally
compact Polish space Y and a Borel G-equivariant injection ® : X — Y
such that the pushforward measure .\ is a Radon measure on Y.

We say that o admits a continuous Radon model.
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Locally finite models for co-mp actions

Observation

There is a natural Aut(X, \)-action on LO(X, \,C) defined by

T f(x) = F(T71(x))
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Locally finite models for co-mp actions

Observation

There is a natural Aut(X, \)-action on LO(X, \,C) defined by
T f(x) = f(T7}(x)

Aut(X,\) ~ L(X, A, C) continuously.
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Locally finite models for co-mp actions

Observation

There is a natural Aut(X, \)-action on LO(X, \,C) defined by
T f(x) = f(T7}(x)

Aut(X,\) ~ L(X, A, C) continuously.
Aut(X,\) ~ L2(X, \,C) continuously.
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Locally finite models for co-mp actions

Observation

There is a natural Aut(X, \)-action on LO(X, \,C) defined by
T f(x) = f(T7}(x)
Aut(X,\) ~ L(X, A, C) continuously.

Aut(X,\) ~ L2(X, \,C) continuously.
Aut(X, A) ~ L*°(X, A, C) not continuously.
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Locally finite models for co-mp actions

Observation

There is a natural Aut(X, \)-action on LO(X, \,C) defined by
T f(x) = f(T7}(x)
Aut(X,\) ~ L(X, A, C) continuously.

Aut(X,\) ~ L2(X, \,C) continuously.
Aut(X, A) ~ L*°(X, A, C) not continuously.

Definition (Glasner—Tsirelson—Weiss 1995)

Let G ~ (X, \) be a oo-mp action. We say that f € L>°(X, \,C)
is G-continuous if ||[f —g-f|| = 0as g — eg.
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Locally finite models for co-mp actions

Observation

There is a natural Aut(X, \)-action on LO(X, \,C) defined by
T f(x) = f(T7}(x)

Aut(X,\) ~ L(X, A, C) continuously.
Aut(X,\) ~ L2(X, \,C) continuously.
Aut(X, A) ~ L*°(X, A, C) not continuously.

Definition (Glasner—Tsirelson—Weiss 1995)

Let G ~ (X, A) be a co-mp action. We say that £ € L>°(X, A\, C) (or in
L>2(X)) is G-continuous if |[f —g-f| — 0as g — eg.
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Locally finite models for co-mp actions

Key characterization

Theorem (H.—Le Maitre 2026)
Let o be a co-mp action of G on (X,\). TFAE
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Locally finite models for co-mp actions

Key characterization

Theorem (H.—Le Maitre 2026)
Let o be a co-mp action of G on (X,\). TFAE

o « admits a continuous Radon model;
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Locally finite models for co-mp actions

Key characterization

Theorem (H.—Le Maitre 2026)
Let o be a co-mp action of G on (X,\). TFAE
o « admits a continuous Radon model;

o The algebra of G-continuous functions in £>°(X) N LY(X, \)
contains a countable subset which separates points.
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Locally finite models for co-mp actions

Key characterization

Theorem (H.—Le Maitre 2026)
Let o be a co-mp action of G on (X,\). TFAE
o « admits a continuous Radon model;

o The algebra of G-continuous functions in £>°(X) N LY(X, \)
contains a countable subset which separates points.

@ Construct a space Y as the spectrum of a well-chosen subalgebra of
G-continuous functions in £%(X).
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Locally finite models for co-mp actions

Key characterization

Theorem (H.—Le Maitre 2026)
Let o be a co-mp action of G on (X,\). TFAE
o « admits a continuous Radon model;

o The algebra of G-continuous functions in £>°(X) N LY(X, \)
contains a countable subset which separates points.

@ Construct a space Y as the spectrum of a well-chosen subalgebra of
G-continuous functions in £%(X).

@ Define a Radon measure 17 on Y with the Riesz representation
theorem.
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Locally finite models for co-mp actions

Key characterization

Theorem (H.—Le Maitre 2026)
Let o be a co-mp action of G on (X,\). TFAE
o « admits a continuous Radon model;

o The algebra of G-continuous functions in £>°(X) N LY(X, \)
contains a countable subset which separates points.

@ Construct a space Y as the spectrum of a well-chosen subalgebra of
G-continuous functions in £%(X).

@ Define a Radon measure 17 on Y with the Riesz representation
theorem.

@ Embed X in Y in a Borel way via the evaluation map @, and check
that .\ =7 and that the G-action on (Y,7) is as wanted.
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Locally finite models for co-mp actions

Second step

— Find “enough” G-continuous functions.
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— Find “enough” G-continuous functions.
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Locally finite models for co-mp actions

Second step

— Find “enough” G-continuous functions.

Our tool: Convolution.

Definition

Let G be a locally compact Polish group, and denote by m its left Haar
measure. Consider a co-mp G-action on (X, A). Let f € £L>(X) and

§ € L1(G, m). The convolution product § * f : X — C is defined by:

5% F(x) = /G 5(g)f (g~ x)dm(g).
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Locally finite models for co-mp actions

Second step

— Find “enough” G-continuous functions.

Our tool: Convolution.

Definition

Let G be a locally compact Polish group, and denote by m its left Haar
measure. Consider a co-mp G-action on (X, A). Let f € £L>(X) and
§ € L1(G, m). The convolution product § * f : X — C is defined by:

5% F(x) = /G 5(g)f (g~ x)dm(g).

— Use convolution with functions § being "approximations of the
identity in G" to obtain G-continuity!
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Locally finite models for co-mp actions

Recall the following.

Theorem (H.—Le Maitre 2026)

Any oo-mp action of a locally compact Polish group G on (X, \) has a
continuous Radon model.
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Locally finite models for co-mp actions

Recall the following.

Theorem (H.—Le Maitre 2026)

Any oo-mp action of a locally compact Polish group G on (X, \) has a
continuous Radon model.

What about other groups?
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Locally finite models for co-mp actions

Recall the following.

Theorem (H.—Le Maitre 2026)

Any oo-mp action of a locally compact Polish group G on (X, \) has a
continuous Radon model.

What about other groups?

Proposition

There exists a co-mp action of G, on (X, A) which cannot admit a
continuous Radon model.
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Topological properties of Polish full groups

e Topological properties of Polish full groups
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Topological properties of Polish full groups

Recall the following.

Theorem (Carderi—Le Maitre 2016)

Let G be a Polish group acting in a pmp way on (X, ). The orbit full
group [R¢] < Aut(X, p) is a Polish group when endowed with the
topology of orbital convergence in measure.
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Topological properties of Polish full groups

Theorem (H. 2026+)

Let G be a Polish group acting in a continuous and co-mp manner on a
Polish space (X, 7x) equipped with an atomless Borel o-finite measure X
which is locally finite. The orbit full group [R¢], equipped with the
topology of orbital convergence in measure, is a Polish group.

Fabien Hoareau

On co-mp actions of Polish groups



Topological properties of Polish full groups

Theorem (H. 2026+)

Let G be a Polish group acting in a continuous and co-mp manner on a
Polish space (X, 7x) equipped with an atomless Borel o-finite measure X
which is locally finite. The orbit full group [R¢], equipped with the
topology of orbital convergence in measure, is a Polish group.

.

Proposition

There exists a co-mp action of G, on (X, \), for which the associated
orbit full group [Rs__] is not a Polish group when endowed with the
topology of orbital convergence in measure.

A
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Topological properties of Polish full groups

Theorem (H. 2026+)

Let G be a Polish group acting in a continuous and co-mp manner on a
Polish space (X, 7x) equipped with an atomless Borel o-finite measure X
which is locally finite. The orbit full group [R¢], equipped with the
topology of orbital convergence in measure, is a Polish group.

.

Proposition

There exists a co-mp action of G, on (X, \), for which the associated
orbit full group [Rs__] is not a Polish group when endowed with the
topology of orbital convergence in measure.

Theorem (H. 2026+)

Let G be a locally compact Polish group acting in a co-mp way on
(X, A). The orbit full group [R¢g] < Aut(X,\) is a Polish group when
endowed with the topology of orbital convergence in measure.

.
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Topological properties of Polish full groups

Theorem (Carderi-Le Maitre 2016, H. 2026+)
Let G be an ergodic full group in Aut(X,\) (resp. Aut(X, p)).

Fabien Hoareau On oo-mp actions of Polish groups



Topological properties of Polish full groups

Theorem (Carderi-Le Maitre 2016, H. 2026+)

Let G be an ergodic full group in Aut(X, \) (resp. Aut(X,pn)). There is

at most one Polish group topology on G, and this topology refines the
weak topology but is coarser than the uniform topology.
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Topological properties of Polish full groups

Theorem (Carderi-Le Maitre 2016, H. 2026+)

Let G be an ergodic full group in Aut(X, \) (resp. Aut(X,pn)). There is

at most one Polish group topology on G, and this topology refines the
weak topology but is coarser than the uniform topology.

G =Aut(X,)\) G=[Ra] : G=[Re]
: for G lesc i for I' countable :
: Topology of : ;
Weak topology : orbital (-oniergen(-e : Uniform

in measure : topology

Finer topologies
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Topological properties of Polish full groups

Theorem (Carderi-Le Maitre 2016, H. 2026+)

Let G be an ergodic full group in Aut(X, \) (resp. Aut(X,pn)). There is

at most one Polish group topology on G, and this topology refines the
weak topology but is coarser than the uniform topology.

G-Au(x,y i C-Redp C=[Rel
: for G lesc i for I' countable :
: Topology of : i
Weak topology : orbital (-on?ergen(-e : Uniform

in measure : topology

Finer topologies

Showing that Polish topologies are coarser than the uniform topology

uses an automatic continuity result of Fremlin, which extends a result of
Kittrell and Tsankov for [Rr] < Aut(X, u).
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Topological properties of Polish full groups

A non-trivial normal subgroup

Define Auts(X,\) = {T € Aut(X, ) | A(supp T) < oo} < Aut(X, A).
Define Gy = G N Aut¢(X, ) 4G.
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Topological properties of Polish full groups

A non-trivial normal subgroup

Define Auts(X,\) = {T € Aut(X, ) | A(supp T) < oo} < Aut(X, A).
Define Gy = G N Aut¢(X, ) 4G.

Theorem

o For G < Auwt(X, p) ergodic: G is simple. (Fathi)
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Topological properties of Polish full groups

A non-trivial normal subgroup

Define Auts(X,\) = {T € Aut(X, ) | A(supp T) < oo} < Aut(X, A).
Define Gy = G N Aut¢(X, ) 4G.

Theorem

o For G < Auwt(X, p) ergodic: G is simple. (Fathi)

o For G = [Ruyp] < Aut(X,\): G admits a unique non-trivial normal
subgroup, which is G¢. (Eigen)
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Topological properties of Polish full groups

A non-trivial normal subgroup

Define Auts(X,\) = {T € Aut(X, ) | A(supp T) < oo} < Aut(X, A).
Define G = G N Auts(X, ) < G.
Theorem
o For G < Auwt(X, p) ergodic: G is simple. (Fathi)
o For G = [Ruyp] < Aut(X,\): G admits a unique non-trivial normal
subgroup, which is G¢. (Eigen)
o For G < Aut(X, \) ergodic: G admits a unique non-trivial normal
subgroup, which is G¢. (H.)
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Topological properties of Polish full groups

A non-trivial normal subgroup

Define Auts(X,\) = {T € Aut(X, ) | A(supp T) < oo} < Aut(X, A).
Define G = G N Auts(X, ) < G.
Theorem
o For G < Auwt(X, p) ergodic: G is simple. (Fathi)
o For G = [Ruyp] < Aut(X,\): G admits a unique non-trivial normal
subgroup, which is G¢. (Eigen)
o For G < Aut(X, \) ergodic: G admits a unique non-trivial normal
subgroup, which is G¢. (H.)

Question: Is the group G Polishable? In other words, can Gy be
endowed with a Polish group topology refining that of G7
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Topological properties of Polish full groups

A non-trivial normal subgroup

Define Auts(X,\) = {T € Aut(X, ) | A(supp T) < oo} < Aut(X, A).
Define Gr = G N Auts(X, ) <G.
Theorem

o For G < Auwt(X, p) ergodic: G is simple. (Fathi)

o For G = [Ruyp] < Aut(X,\): G admits a unique non-trivial normal
subgroup, which is G¢. (Eigen)

o For G < Aut(X, \) ergodic: G admits a unique non-trivial normal
subgroup, which is G¢. (H.)

Question: Is the group G Polishable? In other words, can Gy be
endowed with a Polish group topology refining that of G?7

Theorem (Le Maitre 2022)
The group Auts(X, ) < Aut(X, A) is not Polishable. J
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Topological properties of Polish full groups

Theorem (H. 2026+)

Let G be an ergodic full group in Aut(X,X). The group G¢ can be
endowed with a Polish group topology iff G is the full group of a
countable equivalence relation.
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Topological properties of Polish full groups

Theorem (H. 2026+)

Let G be an ergodic full group in Aut(X,X). The group G¢ can be
endowed with a Polish group topology iff G is the full group of a
countable equivalence relation.

The uniform finite topology on G is the topology induced by the
following metric:

dur: S, T A{x € X |S(x) £ T(x)}).

It refines the uniform topology 7.
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Topological properties of Polish full groups

Denote by ERG and APER the ergodic and aperiodic (with only infinite
orbits) elements of Aut(X, ), and fix an ergodic full group G.
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Topological properties of Polish full groups

Denote by ERG and APER the ergodic and aperiodic (with only infinite
orbits) elements of Aut(X, ), and fix an ergodic full group G.
Sachdeva (1971) and Choksi—Kakutani (1979) proved:

Weak topology 7, Uniform topology 7,

o ERG is a 7,,-dense Gg set in
Aut(X, A).
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Topological properties of Polish full groups

Denote by ERG and APER the ergodic and aperiodic (with only infinite
orbits) elements of Aut(X, ), and fix an ergodic full group G.
Sachdeva (1971) and Choksi—Kakutani (1979) proved:

Weak topology 7, Uniform topology 7,
o ERG is a 7,,-dense Gg set in o ERG is 7,-nowhere dense in
Aut(X, A). Aut(X, A).
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Topological properties of Polish full groups

Denote by ERG and APER the ergodic and aperiodic (with only infinite
orbits) elements of Aut(X, ), and fix an ergodic full group G.
Sachdeva (1971) and Choksi—Kakutani (1979) proved:

Weak topology 7, Uniform topology 7,
o ERG is a 7,,-dense Gg set in o ERG is 7,-nowhere dense in
Aut(X, A). Aut(X, A).

e ERG is 7,-dense in APER.
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Topological properties of Polish full groups

Denote by ERG and APER the ergodic and aperiodic (with only infinite
orbits) elements of Aut(X, ), and fix an ergodic full group G.
Sachdeva (1971) and Choksi—Kakutani (1979) proved:

Weak topology 7, Uniform topology 7,
o ERG is a 7,,-dense Gg set in o ERG is 7,-nowhere dense in
Aut(X, A). Aut(X, A).

e ERG is 7,-dense in APER.

@ For afixed T € APERNG,
the G-conjugacy class of T is
T,~dense in APER N G.
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Topological properties of Polish full groups

Denote by ERG and APER the ergodic and aperiodic (with only infinite
orbits) elements of Aut(X, ), and fix an ergodic full group G.
Sachdeva (1971) and Choksi—Kakutani (1979) proved:

Weak topology 7, Uniform topology 7,
o ERG is a 7,,-dense Gg set in o ERG is 7,-nowhere dense in
Aut(X, A). Aut(X, A).
@ Forafixed T € APER NG, e ERG is 7,-dense in APER.
the G-conjugacy class of T is @ For afixed T € APERNG,
Tw-dense in Aut(X, A). the G-conjugacy class of T is

T,~dense in APER N G.
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Topological properties of Polish full groups

Theorem (H. 2026+, following Térnquist and Carderi—Le Maitre)

Let G = [R¢] < Aut(X, \) be endowed with the topology of orbital
convergence in measure T. Suppose that T is a Polish group topology on
G. TFAE
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Topological properties of Polish full groups

Theorem (H. 2026+, following Térnquist and Carderi—Le Maitre)

Let G = [R¢] < Aut(X, \) be endowed with the topology of orbital
convergence in measure T. Suppose that T is a Polish group topology on
G. TFAE

(1) APER NG is 7-dense in G;
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Topological properties of Polish full groups

Theorem (H. 2026+, following Térnquist and Carderi—Le Maitre)

Let G = [R¢] < Aut(X, \) be endowed with the topology of orbital
convergence in measure T. Suppose that T is a Polish group topology on
G. TFAE

(1) APER NG is T-dense in G;

(2) ERGNG is 7-dense in G;

Fabien Hoareau On oo-mp actions of Polish groups



Topological properties of Polish full groups

Theorem (H. 2026+, following Térnquist and Carderi—Le Maitre)

Let G = [R¢] < Aut(X, \) be endowed with the topology of orbital
convergence in measure T. Suppose that T is a Polish group topology on
G. TFAE

(1) APER NG is T-dense in G;

(2) ERGNG is T-dense in G;

(3) the Gg-conjugacy class of any aperiodic T € G is T-dense in G;
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Topological properties of Polish full groups

Theorem (H. 2026+, following Térnquist and Carderi—Le Maitre)

Let G = [R¢] < Aut(X, \) be endowed with the topology of orbital
convergence in measure T. Suppose that T is a Polish group topology on
G. TFAE

(1) APER NG is T-dense in G;

(2) ERGNG is T-dense in G;

(3) the Gg-conjugacy class of any aperiodic T € G is T-dense in G;

(4) for any essentially free measure-preserving action of a countable

group I ~ (X, \), there is a dense Gs set of elements of G inducing
a free action of [ x Z.
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Topological properties of Polish full groups

Theorem (H. 2026+, following Térnquist and Carderi—Le Maitre)

Let G = [R¢] < Aut(X, \) be endowed with the topology of orbital

convergence in measure T. Suppose that T is a Polish group topology on

G. TFAE

(1) APER NG is T-dense in G;

(2) ERGNG is T-dense in G;

(3) the Gg-conjugacy class of any aperiodic T € G is T-dense in G;

(4) for any essentially free measure-preserving action of a countable
group I ~ (X, \), there is a dense Gs set of elements of G inducing
a free action of [ x Z.

These equivalent conditions moreover imply the following one:
(5) for any neighbourhood V of eg, Ugcy {x € X | g x # x} is conull.
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Topological properties of Polish full groups

Theorem (H. 2026+, following Térnquist and Carderi—Le Maitre)

Let G = [R¢] < Aut(X, \) be endowed with the topology of orbital
convergence in measure T. Suppose that T is a Polish group topology on
G. TFAE

(1) APER NG is T-dense in G;

(2) ERGNG is T-dense in G;

(3) the Gg-conjugacy class of any aperiodic T € G is T-dense in G;

(4) for any essentially free measure-preserving action of a countable
group I ~ (X, \), there is a dense Gs set of elements of G inducing
a free action of [ x Z.

These equivalent conditions moreover imply the following one:
(5) for any neighbourhood V of eg, Ugcy {x € X | g x # x} is conull.

Finally, (5) implies the above conditions if the space X is endowed with a
compatible Polish topology, with regard to which the measure is locally
finite and the G-action is continuous.
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Topological properties of Polish full groups

Corollary

Let G be a locally compact Polish group acting in a co-mp and ergodic
manner on (X, \). Then exactly one of the following holds:

(i) R¢ is a countable measure-preserving equivalence relation;
(i) The set APER N [Rg¢] is T2-dense in [Rg].
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Topological properties of Polish full groups

Corollary

Let G be a locally compact Polish group acting in a co-mp and ergodic
manner on (X, \). Then exactly one of the following holds:

(i) R¢ is a countable measure-preserving equivalence relation;
(i) The set APER N [Rg¢] is T2-dense in [Rg].

For G = R acting on itself by translation, we recover Sachdeva's results
on genericity for the weak topology in Aut(X,\) = [R¢].
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Topological properties of Polish full groups

Thank you for your attention!
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